Google 



This is a digital copy of a book that was preserved for general ions on library shelves before il was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

Il has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often diflicult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parlies, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the plus We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a b<x>k is in the public domain for users in the United States, that the work is also in the public domain for users in other 

countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means il can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's hooks while helping authors ami publishers reach new audiences. You can search through I lie lull text of this book on I lie web 
at |http : //books . qooqle . com/| 



BIBLIOGRAPHIC RECORD TARGET 

Graduate Library 
University of Michigan 

Preservation Office 

Storage Number: 



ABN8155 

ULFMTBRTaBLmT/C DT 09/12/88 R/DT 09/12/88 CC STATmmE/Ll 

035/1: : | a (RLIN)MIUG86-B47587 

035/2: : | a (CaOTULAS)160037331 

040: : | a MiU |cMIU 

100:1 : | a Oliver, James Edward, | d 1829-1895. 

245:02: | a A treatise on trigonometry. | c By Profs. Oliver, Wait and Jones. 

260: : | a New York, | b J. Wiley & sons, |cl883. 

300/1: : | a 1 p. L„ vi, 103 p. |bdiagr. |c22cm. 



650/1: 0: 
700/1:1 
700/2:1 



a Trigonometry 
| a Jones, George William, |d 1837-1911. | e joint author. 
| a Wait, Lucian Augustus, | d 1846-1913, [ e joint author. 



998: : IcRAS [s9124 



Scanned by Imagenes Digitales 
Nogales, AZ 

On behalf of 

Preservation Division 

The University of Michigan Libraries 



Date work Began: _ 
Camera Operator: 



,Google 




,GoogIe 



,GoogIe 



,GoogIe 



A TKEAT1SE ON TRIGONOMETRY. 



,GoogIe 



,GoogIe 



TREATISE 



TRIGONOMETRY 



Peok. OLIVER, WAIT and JONES 



COENET,L UXiVKESJTY. 



NEW YORK: 
JOHN WILEY & SONS. 



,GoogIe 



■rei! aciiOMiiJis l.o An. m'Coii-vc^, in (!io year JSS1, by 

OEORGB WILLIAM JONES, 
.u ofliue ol'Uit! I.iiji , iiriu.iiol'CutiKr«'Si at Washing ten. 



,GoosIe 



PREFACE. 



This book is one of a series of text-books to be prepared by 
the department of mathematics of Cornell University, in accord- 
ance with the scheme of instruction now in force hero. It was 
outlined and written mainly by Prof. Jones ; but it has been 
carefully read by all of US, the general plan, and all difficulties, 
have been discussed together, the proofs have been submitted 
to all, and it goes out as our joint production. It is designed 
as a drill-book for class use ; its leading features are : 

The general definition of the, trigonometric functions in terms 
applicable to all angles, without regard i.o sign or magnitude. 

The expression of the functions of all angles in terms of the 
functions of positive angles less than a right angle, by direct 
reference to the definitions. 

The graphical representation of functions. 

The general proof of the forma hie for She functions of the sum 
and difference of two angles, of double angles, half-angles, etc. 

The differentiation of trigonometric functions, their develop- 
ment thereby into series, and the computation of the trigono- 
metric canon by means of these series. 

The solution of oblique triangles by means of right triangles, 
as well as by the general properties of triangles ; and by the 
use of natural as well as logarithmic functions. 

An exhaustive discussion of the ambiguous and impossible 
cases of right and oblique triangles. 

A careful choice and arrangement of topics, according to their 
relations to practical work and to the higher mathematics. 



/Google 



The exact statement of principles in the form of theorems and 
corollaries, and their rigorous demonstration. 

Frequent reference of collateral matter to the reader for 
demo i istration. 

Copious and varied exercises. 

In the preparation of tlie book : free use lias been made of the 
works of other authors, particularly those of Briot and Bouquet, 
De Morgan, Todhunter, Peiree, Wheeler, Greenleaf, Loomis, 
and Chauveuet; and of collections of exercises representing 
Senate-house examination papers. 

The careful reader will doubtless find many typographical and 
other errors in this first edition ; ho will confer a groat favor if 
he will kindly communicate them to either of the authors. Any 
suggestions from practical teachers, looking (o the improvement 
of the hook in either matter or form, will be welcomed and 
esteemed of great valne. 

Among other such improvements noiv in contemplation is the 
addition of a chapter on the applications of spherical trigonometry 
to astronomy, geodesy and navigation, and one on imaginarics, 
and an alphabetical index: to the whoie. 

The starred portions of the book may be omitted without 
breaking the continuity of the subject; and to such teachers 
as do not desire to take up the whole treatise the following 
tibridgiiLCnl. is recommended: 

I. §§ 1-23, except the note to § 18, and Note i to § 19 ; selec- 
tions from Ex. 1-7, 9, 21-23, and 25-28. 

n. §§i-3. 

HI. §2; §3, one method, and §1 if the second method ia 

chosen; Ex. 1-19 and 20-45. 
IV. §§ 1, 2, 4, 5 and 6, one method, and § 3 if the second 

method is chosen, except Thms. 8-10 ; Ex. 1-26. 

0. W. J. 

IrnACJ, N.T., April S, 'IS31. 
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TRIGONOMETRY. 



Trigonometry is that branch of mathematics which treats of 
the numerical relations of angles and triangles. It is essentially 
algebraic in character, but is rounded on Geometry. It has two 
parts: Plana Tri'jtinoMetrtf, which treats of plane angles and 
triangles, and Spherical Trint>n<smclnj, which treats of spherical 
angles and triangles. 



PLANE TRIGONOMETRY. 



I. PRIMARY DEFINITIONS AND FORMULAE. 
§ 1. PLANE ANGLES, 

A plane angle is the opening between two straight lines which 
meet at a point, and is generated by revolving one of the lines 
about the common point as a hinge. The Jived line is the initial 
line, and the moving line is the terminal line. The revolving 
lino has made one revolution when, by a continuous forward 
motion, it has come again to the position it first occupied. An 
angle is not limited in Trigonometry by the geometrical words 
"acute" and "obtuse"; it may exceed a half revolution, or a 
whole revolution, or it may be any number of revolutions, thus : 
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PLANE TKIGOJSOMKI'KY. 
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Ifthe line or first; coincide with ox, and then, revolving about 
o, take successively the positions OP], of 5 . 

of 3 , op 4 , op,. , the angles generated are 

xoPn, xop 2 , xop s , XOP4, , and these angles. 

by general agreement, are called positive 
angles, 

while X0P4, xop 3 , are negative angles. 

That is to say, revolution from right to left, 
and opposite to the hands of a clock, is 
positive revolution; and revolution from leil to right is negative 
revolution. The order of the letters indicates whether the angle 
is positive or negative, thus : 

xoi'i is positive, and p,ox is negative; 
xoi'i + Pi ox = 0, 
XOFj -+- PiOP 3 + p 2 ox = 0, 
xoPj-f-^OPB + PaOx^O ; ... 
but p 1 OP 3 + F 2 op 8 -J-F 3 OF4-f"P.i op i = one entire positive revo- 
lution, 
and p 1 opi + P40p 3 + p 3 op 2 + p^op, = one entire negative revo- 
lution. 
So, the ares generated by a point p, moving along a circle, are 
positive or negative ares, according as the movement of the point 
indicates positive or negative revolution of the radius op, and 
therefore, according as the angles which they subtend are posi- 
tive or negative angles, thus: 

XP3, xp 2 , are positive arcs, 

but xp 4 , xp», are negative arcs; 

and xp, -f f,p 2 + p 3 p s + p 3 p 5 + p 3 x = 0, 
but xp, + f,p 2 + PjP 3 + PaPi + P*x = one 
circumference. 
If y'y J-x'x at o ; then : 

xoy is the first quadrant, x' 

rox' is the second quadrant. 
x'oy' is the third quadrant, 
r'ox is tiba fourth quadrant. 
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§ a.] PBD1ABY DEETNTTIOITa AND FORMULAE. 3 

An angle is said to be in the, first, second, third, or fourth 

quadrant, according as its terminal line lies in the iir.it, second. 
third, or fourth quadrant, counting IV011: ilie initial line. 

If the. revolution of the terminal line is continuous, it comes 
again and again to the same positions which it bad during the 
first revolution ; such returns are periodic. 

§ 2, ANGULAR NOTATION. 

The right angle is divided into 90 equal parts called degrees, 
the degree, into GO equal parts called minutes; the minute, into 
60 equal parts called seconds. Degrees, minutes and seconds 
are marked °, ', ", respectively, thus : 
6^29' 33". 3 is read C degrees, 2!') minutes, "3 and 3 tenths seconds. 

When angles are expressed in. degrees, minutes and seconds, 
they are said to be expressed in decree-measure. 

Another measure called circular measure, arcual measure, or, 
briefly, ir-measure, comes from the use of the ratio of an arc 
which subtends an angle, to the radius of the arc ; 
for, since, in the same or equal circles, angles at the centre are 
proportional to the arcs which subtend them, and, in different 
circles, like ares are proportional to their radii, [geom. 

therefore the ratio, arc : radius, is proportional to the angle sub- 
tended, and may lie used as a representative or measure of it. 

But the ratio, hrdf-r.irda : radius, equals 3, 141 "i9 , called jt ; 

therefore a half- re volution, or an angle of 180°, is represented 
by it; a right angle, or 00°, by ; '- ; a whole revolution, or ;.S(>()°, 
by2x; 80°, by^; and so on. 

That angle whose are is as long as the radius, and winch may 
be called the unit angle of the 7r-mcasnre, is , = 57" 17' 44". 8. 

The ^-measure of an angle of 1° is — , = .017 4533 ; 
180 
that of 1' is .017 4533-^60, =.000 2900; 
that of 1" is .000 2909 -r- 60, = .000 0048. 

An angle given in n-ineasure may be expressed in degree- 
measure by multiplying it into the unit angle of it- measure ; 
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4 PLANE TRIGONOMETRY. p. 

and an angle given in degree-measure may be expressed in 
Tr-Bieasuve by multiplying the number of decrees, minutes or 
seconds by the ir-measure of 1°, 1' or J ". 

Note. The reader must carefully distinguish between the two 
notations, for though 90° and - both re pre sent a right angle, it 
is hardly right to say 90° = -, for 90° is a right angle, an actual 
geometrical magnitude, while - is merely a ratio, i.e., a number, 

With this caution, however, the angle, the arc, and the ratio. 

arc : radius, may be used almost at pleasure, and the one nota- 
tion or the other may be employed at convenience. The jr-meas- 
nre is generally preferable for theoretical work, but the degree- 
measure for computation of triangles. 

5 3, COMPLEMENT AND SUPPLEMENT OF AN AHGLE OR ABO. 

The complement of an angle is its defect from a right angle ; 
of an arc, its defect from a quadrant; i.e., it is the remainder 
when, from a right angle or quadrant, the given angle or arc is 
subtracted. 

The mq.>2)h"me,it of an angle is its defect: from two right angles ; 
of an arc, its defect from a half-circle ; i.e., it is the remainder 
when, from two right angles or a half-circle, the given angle or 
arc is subtracted. 

Manifestly the complement of a positive angle or arc less than 
90° is a positive angle or arc less than 90" ; of a positive angle 
or arc greater than 90°, is a negative angle or arc ; of a negative 
angle or arc, is a. positive angle or are greater than 90°. 

So, the supplement of a positive angle or arc less than 180° is 
a positive angle or arc less than 180° ; of a positive angle or arc 
greater than 180°, is a negative angle or arc ; of a negative angle 
or arc, is a positive angle or arc greater than 180°. Thus ; 
the complement of 75° is 15°; of 100°, is -10°; of -10", is 100°; 

of ?, is^; of 2r, is -55i 

6 3 2 

the supplement of 75° is 105°; of 200°, is -20°; of -20", is 

200°; of~,is^; f2*-, is-ir. 
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PRIMARY DEt'I-NiTIOA'M AND I'OKJllJLAK 



§ 4, POSITIVE AND NEGATIVE LINES. 
If two or more points lie on a straight line, and the position 
of anj' one of them be known, then tfie positions of the other 
points are determined by their disUnees and directions from the 
point first named. The first point is the origin; and, of the two 
directions from this point, along the line, if cither be called posi- 
tive, the other is negative, and the segments of the line measured 
in one direction arc positive, in the other negative. The order 
of the letters at i.he extremities ol'u segment indicates the direc- 
tion of the segment, thus: 

if a and b be two points on a lino, and ab be positive, 
then i:.\ is negative, and -vice ivrstf ,' and, in either ease, 



AB + BA = 0. 



So, if a, b, c be any throe points 
their order upon the line, 

ab + isc = AC, 
and ab -f bc + ca = 0. 

So, if a, b, c, i>, k be n points 

their order upon the line, 

ab + bc -I- CD + =Alv 

and ab + bc + CD + + ka = 0. 



i line, then, whatever 



a, line, then, whatevei 



I 5. POSITION OF A POINT IN A PLANE BY ABSCISSA AND 

ORDINATE. 

Let p be any point in a plane, o a fixed point, and ox a fixed 
line in the piano ; draw ap J_ ox ; ■ then the 
position of p with reference to o and ox is ip a 

deleviiiined when (he Iengt.li and directions 
of oa and ap are known. In this figure : ! A 

the re fere nee -point o is the origin; x A - j 

the horizontal distance oa is the abscissa, ; 

andthepcrpendiciilat'APisthearctoci^.ofp, j 
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6 PLANE TRIGONOMETRY. [I. 

The line x'ox is the axis of abscissas, 
and y'oy is the axis of ordinates. 

The abscissa and ordinate of a point, when spoken of together, 



!- 


>' 


x .\., ; o 


< AjX 



By general agreement., when the line ox 
is so placed before the reader that x is its 
right extremity, then ox is assumed as the 
positive direction of the axis, and ox' as its 
negative direction ; 

therefore abscissas of points in the first and 
fourth quadrants are positive, and abscissas 

of points in the second and third qiiadraiKS are negative. 

By general agreement, also, that side of the axis from which 

positive revolution is had is assumed to be positive, and that side 

from which negative revolution is had is negative ; 

therefore ordinates of points in the first and second quadrants 

are positive, and ordinates of points in the third and fourth 

quadrants are negative. 

The signs of abscissa and ordinate when written together are: 
+ +, -+,' > +-. 

respectively, for points in the four quadrants taken in their order. 

For brevity, the abscissa of a point may he denoted by x and 

the ordinate by y, and the position of a point is then determined 

from the equations 

x=a and l *J = b, 

wherein a, with its sign, stands for the length and direction of 

the abscissa of the point, 

and 6, with its sign. Cor the length and direction of its ordinate. 
If x = 0, the point is on the axis of ordinates ; 

if y = 0, it is on the axis of abscissas ; 

if both fl! and y = 0, it is at the origin. 

If r represents the distance between two points, t> l and r £ : 

then, the difference of their abscissas, a!,— ar 2 . 

and the difference of their ordinates, yy— jfe, 

are the projections of r upon the two axes, respectively ; 

and r" = (a,- »_,)*+ {y t - y,)*. 
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PRIMARY DEFl^IlIO'SS AXD FORMULAE. 



$ 6. POSITION OF A POINT BY BEABIXG AND DISTANCE. 

When two straight lines meet, the point of intersection is the 
origin.; one of the lines is the initial line, the other is the termi- 
nal line, and the angle between them is the bearing-, from the 
initial line, of any point oil the terminal line. 
If, then, the distance of any point from the origin, and Its bear- 
ing from the initial line, be known, the position of the point is 
determined. 

The positive directions of the lines which enclose an angle, 
taken with reference to that angle, are from the origin, i.e., from 
the vertex of the angle, measured along (lie sides of the angle ; 
thus, with reference to xop, 
the sides ox and op arc positive, 
and ox' and or' arc negative. 

But, with reference to x'op', 
the sides ox' and op' are positive, 
and ox and op are negative. 

So, with reference to pox' or to x'op, 
the sides ov and ox' are positive, 
and op' and ox are negative. 

Since the terminal line may revolve to the right or to the left, 
and since the distance may be measured in either the positive or 
the negative direction, it is manifest that a point may be deter- 
mined by four different combinations of bear- 
ing and distance. F\ *-+'■**. 

Let r stand for the distance and for the X 
bearing of the point p ; then either : */ a —&• \ 

r = +op, and Q = + xop ; ■& \L\ /' i x 

or v = + op, and = "xop ; '"• — \ /)? 

or r= ~op, " and = + xop'; V» 

or v = "op, and — ~xop'; 

wherein the signs + and ~ are signs of quality, and not of opera- 
tion ; they show whether the line op and Hie angle xop are taken 
in the positive or the negative direction. For the purposes of 
this treatise the fast two <:oml..'i nations are sufficient. 
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PLANE TRIGONO.MF/IKY. 



S 7. TRIGONOMETRIC F UNCTIONS. 



Let xop lie any angle, positive or negative, ox the initial line, 
Op the terminal line, and r any point upon it. Draw apIox ; 
then op is the diMmicc of the point; p, oa is its abscissa, ap is its 
ordinate, and the six ratios between the three lines r, x, and y 
are the triyononietric fuiictions of the angle xop, viz. : 



Tlie ratio 






is the 


written 


ordinate : distance 


V 


r 


sine of xop 


sin xop 


abscissa : distance 


X 


r 


cosine of xop 


cos xop 


ordinate : abscissa 


V 


X 


tangent of xop 


tan xop 


abscissa: ordinate 


X 


V 


cotangent of xop 


cot XOP 


distance : abscissa 


r 


X 


secant of xop 


see xop 


distance : ordinate 


r 


V 


cosecant of xop 


ese x< ii' 



Two subsidiary functions, sometimes used, 
and covered sin<> ; their definitions arc : 



p=l- 



■S XOP, 



S XOP = 1 - 



. Note. From these definition-, result: direeily the six equations : 
ordinate = distance . sin xor ; distance = ordinate, ese xop ; 
abscissa = distance . cosxop ; distance = abscissa, seexop ; 
ordinate == abscissa, tan xop ; abscissa = ordinate, cot XOP. 
The sine and cosine may thus be called yrroje ding factors, since 
their eifect as multipliers is to project the distance upon the axes 
of ordinates and of abscissas respectively. So, the tangent and 
cotangent may be called iidevrliainjiiiij f tutors, since their effect 
is to convert abscissas info ordinates, and viae versa. 
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§ 10.] PRIMA1!!' DEFINITIONS AND FORMULAE. D 

§ 8. ANTI-FUNCTIONS. 

The expressions sin-'a, cos~'», taii"Vt, arc called anti- 
functions, and are read tlic anti-sine of a, the anti-cosine of a, 

They mean "the angle whose sine is a" " the 'angle whose 

cosine is a," and so on ; thus : 

if a—$hi6, then v = s'nr l a; 

if b = cos&, then f = cos- 3 5; 



§ 9. CONSTANCY OF FUNCTIONS. 

Theorem 1. The functions of a given angle are constant, 
Khu.tew.r points.?', p", are taken on, the terminal tine. 

For, from p', p", draw a'p', a"p", X ox ; then 

the triangles oa'p', oa"p", are similar, •$•/ 

and the ratios of their homologous sides ai 



= y":r", =■■ 




§ 10, PERIODICITY OF FUNCTIONS. 

Thm. 2. The functions of any angle B and of 2mr-\-$ (n being 
any integer, positive or negative) are identical; sine ivith sine, 
cosi.ir r-yii cosine, and so on. 

For, ■■• ±2t, ±i-r, ±2mr atandforone, two, n entire 

revolutions, forward or backward, 

.-.op has the same position for the angles 6, ±2a- + 0, 

±4-+#, ±2mr + 0\ and r, x and y are identical, each 

with each, for the angles thus formed. 

,'. the ratios arc identical : sine with sine, cosine with cosine, 
and so on. q.e.d. 

Corollary 1. The, functions of any negative angle, —&, and 
of the positive angle, 2 a— 0, which has the same bounding lines, 
are identical. 
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rr.ANR Tr.TGONOMi::] 



[I. 



Note. The trigonometric fund-ions are therefore periodic 
functions of singles, and Trigonometry is sometimes defined sis 
" that branch of Algebra which treat si of periodic functions." If 
= sin _: fl, then is any one of an infinite number of angles all 

of which have the same sine, a. 

§ 11, SIGNS OF FUNCTIONS. 
Tiim. S. The .iff/its of f audio hn of (nujks in the four quad- 



Angle in 


■in.ndcc 


co, and sec 


tan anil cot 


Tv«° d 


First quadrant 
Second quadrant 
Third quadrant 
Fourth quadrant 


+ 
+ 


+ 

+ 


+ 
+ 


+ 
+ 
+ 
+ 



For, '.• )■ is measured along the side of the angle, and is 
therefore always positive ; [§ 6 

and -.* x is positive in the first and fourth quadrants, and 
negative in the second and third ; [§ ;j 

and ••• y is positive in the first and second quadrants, and 
negative in the third and fourth ; [§ 5 

.'. the signs of the several ratios are as given above. 



§ 12. FUNCTIONS OF NEGATIVE ANGLES. 

4. For any -ncjativc (mole. — If /.he vaJn.p.i of the several 
■ terms of the Junctions of the opposite positive angle, 



+ &,< 

1] sin(-tf) = -sinfl; esc (- 6) = - cscS ; 

2] cos(-£)) = + cos#; sec(-4) = + scc£>; 

3] tan (- G) = — tanfi ; cot (- 0) =- eottf ; 

For, let xop'i he any negative angle, — 8, and ahout the initial 
line ox, as an axis of symmetry, draw op a , making xop» oppo- 
site to soPj ; i.e., of equal magnitude, but of opposite sign. 
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PRIMARY DEFINITIONS AND FORMULAE. 



Take OPt and oi^cqimlc'l is taiif-HS on tlio to rminal lines, and join Pji'i; 

thim. since ox bisects i'iP, at right angles, [geom. 



/i Pj f^ 




therefore the abscissas, % and x. !t of Pi and p ; are identical, 

and tlieir ordinatos v L and y, are oppositcs ; 



*V 



& 13, FUKCTI0K3 OF \ir — 6, THE COiirLJi.UbXT OF AH" ASGLE0. 
Ti-iiu. 5. Any function of the wmpfoiMitt of an angle, co-0 or 
^■tt—6, is the co-f unction of the angle, i.e. : 

csc co-0 = sec 0; 

seeco-# = csc#; 

cot oo-O = tan 0. 




For, let xor* be any angle 0, and toy it* complement) ^ie—$. 
Draw ap, ordinate of p \vilh reference to ox ; take ox = op, and 
draw by, ordinate of y with reference to op ; then, 

A yco = Aoap, [c/eom. 

or — ap, andrsY = OA; and oy = of; [constr. 

i.e., x' =)/, y' = !B, and r' = r. 

sin pot= y': r' = x: r= cosxopj 

eospoY — K':r' = y:r = sin xor ; 
and so for the other functions, as the reader may prove. 
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PJ.AN.K TKIGONOMKTRY. 



Note. The words eosine : cotangent, and cosecant arc ab- 
breviated forms for complement-sine, complement-tangent, and 
complement-secant ; i.e., for sine of complement, tangent of com- 
plement, and secant of complement. 

§ 14, FUNCTIONS OF %tt+8. 

Thji. C. For any angle, .W+0, the values of the several func- 
tions, in terms ofthefiuii-liotis ofO, are: 
7] sin (i7r + 0) = + cos0 ; csc(£tt + 6) = + seefl ; 
81 00B(ix + tf)=i-aiii9i *»(*» + «) = - o»0; 
9] tan ($ v + 0) = - cot 6 ; cot($n- + #) = — tan 0. 




For, let xop toe any angle, 6, andpoQ = ^?r; thenxoQ = |"7r+S. 
Take oo, = op, and draw ap and bq ordinatea of r and q with 
reference to ox ; then, 

v A quo = A oaf, [geom. 

,-. ob = — ap, andrsQ = oa; and oq = op ; [eonsfr. 

i.e., x' = — y, y' = '■*>, and r' — r. 

.-. sin xoq = y':r' = jc:r= cosxop: 
cosxoq = x' : r' = — y : r = — sin xop ; 
and so on, as the reader may prove. 



§ 15. FUNCTIONS 01' ir— $, THE SUWLEMIJNT Of AN ANGLE 



the 



Tim. 7. Po? 1 (ft.e wpph:ment of any angle, ir—0, the values of 
I functions, in term? of the functions of 0, are: 



10] sin (tt— 8) = + Bin 6 
11] «»(,_*) — «*0 

12] tanfw— &) = — tan0 



csc(tt— 0) = -J-csc#; 
sec(7r-(i) = -scc0; 
cot(7r— f?) = -cot0. 
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For, lot xop be any angle 6, and draw oq so that /qox'=xop; 
then .ZxoQ. = 7r— #. 



X XA o b x "p ~'o. -q. 

Take oq = op, and draw ap and bq, ordinotea of v and q with 
reference to ox ; then, 

■.- Aobq = Aoap. [geonh. 

.-. ob = — oa, and bq = ap; and oq — op ; [ponstr. 

i.e., x' =-*, y' = V, and r' = v. 

siiixoo, = y' : )■'= y.r= sinxop; 
cosxoq ~x': r' = — % : r = — cosxop ; 
and so on, as the reader may prove. 

§ 16. FUNCTIONS OF ir + 0. 

Tim. 8. Foe a;i»/ cm^e, tt+S, tfte i'«/mm 0/ the several fane- 



Hon..-!. i 



s of the functions of 0, 



13] sin (- + #) = - 

14] eos(n- 

16] tan(> + 0) = + tan 




'■J rj 1/P 

For, let xor be any angle $. and produce po ; then xoq = tt+6. 
Take qq = op, and draw ap and bq ordinates of p and q with 
reference to ox ; then, 

"■■ Aodq = Aoap, [cftom. 

.-. ob = — oa, and i5q = ~ap; and oq = op; [consir. 
i.e., x' = — x, y' = — y, and r' = r. 

.'. etc., as the reader may prove. 
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PLANE TRIGONOMETRY. 



§ 17. FUNCTIONS OF ~x &• 

Thm. 9. For any amjl-e, '-—■ — &, the values of the several J 
tions, in term.!' of the functions of 6, are: 
16] BinY— -(?"}= -coafl; csc/^-fl) = -uec0: 

17] cos ( 



■s ' - - ■ 

\,2 



18] tan(~ -0)=»-r-oot0 
The reader may prove. 



<t(^~—G) = + tanJ. 



5 18. FUNCTIONS OF — +0. 

Thm. 10. For any angle, '~~+0 t the values of the sever: 
tions, in terms of the f mictions of 8, are: 
19] Binf^ + 0\ = -coBe; osc (~ -f- 9 J = - sac 

20] coa(^ + 8)= + B 



$+•)- 



+ <?] =4-0306*; 
tan 9. 



CH 



21] tan 
The reader may prove, 

*Note. The ten theorems just proved may be summarized 
and generalized as follows : 

"IS^S^^ -£ K<*»+M*±«] 
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They also give the following : 
25] sin- 1 (sin#) = i:sc- 1 (ese0)=2?i7r+0 of (2«+l)7r-0; 
26] coir 1 (cos 0) = sec '(sectf) =2n-n-±B ; 
27] tan -1 (tan fl) = cot '(cote) =mr+6. 

■; 19. VALUES OF FUNCTIONS IN TERMS OF EACH OTHER. 
Thm. 11. For awj angle 0, the valutis of the several, functions, 
in terms of each other, are : 



[28] 


[29] 

cos# = 


[30] 
tanfl = 


[31] 
cott* = 


[32) 
secfl = 


[33] 
csc(? = 






sintf 




1 






Vl-shre 






Vi-sm'e 

cos 9 






Vl-sin^ 


sin 6 

COS0 


Vl-siir0 

1 

eos# 


sintf 


. fj , l ^: (/ 


VI— cos'tf 


1 


tan 8 


tanfl 

1 

cote 


vi— cos 2 e 
1 

tanfl 

cote 

1 


Vl-cos 2 f 

Vtairf+1 


Vtan ! 0+] 


Vtau'e+l 


Vtan-0+1 
cot 9 


tnn0 


1 


Veot-fl + 1 


VcoW+I 


VV(>l.'0-M 


Ycoi.-4 + 1 

1 
aecfl 


cote 
seel? 

C3C0 


Vsec s 0-1 
I 




sec 9 


VseirO — l. 


1 


Vcsi'O— 1 

oboi9 


escfi 


cscfl 


Vc S o*0-l 


VC3C0 — 1 


Vcse"fi — 1 


For ■-■ B 
and ■-■ C 
54! ... 

35] and 


in0«y !r 

sc0 = r:y 
in0-csc0 
ftn = — 


secfi 
=1, cost 
, ami co 


■ sec0 = l 
= ^; 


tflti0 = 
cot (5 = 

tun & • t< 


: 2/, [§ 7 
t(3=l; 



sm0' 

sine and cosecant are reciprocals, 
cosine and secant are reciprocals, 

tangent, and cotangent are reciprocals ; 
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whatever value is found f'oi' sin 0, its reciprocal is a value of csc# ; 
whatever value is ['omul for eos#. its reciprocal is a value of sec0. 
whatever value is found for 1;uifA its reciprocal is a value of cot 6. 
and whatever values are found for sin# and cos 0, their ratios are 
values of tanf and cot#. 
So. ■.■ a- 2 + j/ 9 = 'i s , Igeom. 

■••c 1 ) 7+£ a1 ' 

36] i.e., sin 9 <? + cos 9 iJ = l ; 

sin (9= Vf^-eos-f), and cos (9= Vl-sin 9 0; 
and (2) l+i£=-£, 

97] i.e., 1 +tan 2 0=sec s (3; 

tan0 = Vsec a 0— 1, and sec 6 = Vl+taii^ ; 
and (3) 4 + 1=4: 
38] i.e., cot 2 <?+l = csc 3 0; 

cot0 = Vcse-f — 1, and esc 3= Vl +col.-#. 
So, by combination of the formulae which have been proved, 
others arc established ; for example : 

. e = J__ = 1 

sec0 Vl+tan*0 
, sin , a 

and ■■■ ■ — — ■ = taiie. 

sin£=tan(i.cost> = — **$_ . 
Vl+tan 9 
Note 1. These formulae, when taken two and two, are sym- 
metrical, for example : 

(1) Those for sine, in terms of cosine, tangent, secant, 

with those for cosine, in terns of sine, cotangent, cosecant, 

(2) Those for tangent, in terms of sine, cosine, secant, 

with those for cotangent, in terras of cosine, sine, cosecant, 

(3) Those for secant, in terms of sine, cosine, tangent, 

with those for cosecant, in terms of cosine, sine, cotangent; 
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§19.] PRIMARY DLTIXITLOSS AND FORMULAE. 17 

■■wit- ■ i sine ,, i cosecant . _ ... _„„ 

No™ 2. lor . g.T»n.| TO „ e0 „, tj fM sil]e b"» b»t <M> 
value ; 

*» • s™< s, ft M :ss "« •»' ™ '-» i 

'» ' 8"» < X-t, «H «.°»gS°' "» ta ' »= ™ ta i 
but in every other case there are two corresponding values, the 
one positive, and the other negative, for every ('unction. 
This appears alike from the double signs of the radicals involved) 
and from the relations oi'llic abscissas and ordiuatcs of points in 
the several quadrants ; thus : 

with a given distance, to every abscissa correspond two ordi- 
nate s ; 

therefore to every cosine correspond two sines. 
So, to every ordinate correspond two ab-L:i--s;H 
therelbre to evei-y sine correspond two cosines ; and so on. 

Note S. Of the relations given above, the most important are 

those between sine and cosecant, cosine and secant, tangent and 



those between sine and cosine, tangent and secant, cotangent 

and cosecant; 

and the expressions for tangent and cotangent as ratios of sine 

and cosine, and for sine and cosine in terms of tangent. 

These relations should be committed to memory; the rest may 

be proved as exercises. 

*Kote 4. The above relations may also be expressed thus: 

sin"'a = cse -1 -, 

= tan' 1 ±a = cot" 1 ■ ~?' i 

wherein Vl — a' is either positive or negative throughout, inde- 
pendently of ±a. The reader may express in like manner the 
values of the five other principal an ti- functions of a. 
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§ 20, FUNCTIONS OF 30°, 60°, 120', 150° , i.e., OF ~ ± -■ 



Thm. 3 2. The functions of — 


±I< 


•■«•• 










Angle. 


Slue. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


80° 


t*.fior»*r + = 


i 


iVS 


JV« 


V3 


iv» 


i 


60° 


*-■■¥' "<* + »*-l 


4V3 


t 


V 3 


!V» 


2 


tV» 


120° 


(A,^i 01-(2 Jt + i> + ^ 


iv/S 


-^ 


-V" 


-iv» 


-2 


SVS 


150° 


'*.?I«P» + »)'-i 


i 


-Jv» 


-JV» 


-V» 


-IV» 


" 


210° 


t.«.,^; or(2n + l)jr+^ 


-J 


-sv» 


sv» 


v» 


-5 V> 


-2 


240° 


".^> »c»-»'-| 


-IV" 


-3 


v» 


*V" 


-2 


-M 


800° 


f,Ml; »<*-»* + = 


-iV" 


J 


-v= 


-JV3 


^ 


-IV" 


3S0 C 


(.,.,liil i0 ,. 2 ,„_E 

6 (i 


-i 


JV« 


-iV" 


-V' 


sv» 


-2 



let abc be an equilateral triangle, 
and from a. let fall ad .Luc ; then ad bisects 
/La., = 60°, and side uc ; [geom. 

.-. dac = 30°, andDC = ^AC. 
But sin dac = dc : ag = £ ; 

.-. siu30°=£; ,-. cos 60" =>£; 

,-. eos30° =VT^| = iV 3 ; ■"■ smC0 1> = iV 3 - 

The reader may prove the rcmaiirii)"' values as ewmses n 
the preceding theorems ; for example : 




n .'10° 



1 



.. . ... ^^-^^/i): 

cos 30° £V8 -J* 
sin 150° = sin (180° — 30°) = sin 30° = \ : 
secS30° = sec (-30°) = sec30° = f V 
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§ 21. FUNCTIONS OF 45°, 135° , i.e., OF »tt±-. 

4 

Thm. 13. The functions of mr ±- are : 





Angle, 


Sine. 


Cos. 


Tan. 


Cot. 


Sec. 


Cso. 


45°, i 


•-ii» 8 »+i 


Vi 


VI 


+1+1 


V2 


V3 


135°, * 


«, 3 f ; or(2»+l).-I 


V* 


-Vi 


-1 


-1 


—Jl 


V2 


225°, i 


*; 5 f.or(2n + ,),+ l 


-Vi 


-Vi 


+ 1 


+1 


-v-v. 


315°, i 


».'*; „■*„-? 


-Vi 


Vi 


-1 


-1 


V* 


-V2 



For, let ado Iju a right isosceles triangle; 
then Z.K = 4o a , 

and ah = bc = ac . Vi- [#eom. 

lint sinA = uc : ac, and uosa = ad : ac. 

.-. ain45° = VI' a.ndco945° = V£. 

The reader may prove the remaining val- 
ues as exercises upon the preceding the- 
orems ; for example: 

tan 45° = - ^- 4 — = ^k = 1 ■ 
cos 45° Vr 




3ec 45" = 



i 



I 



>V2; 



cos 45° V£ 
tan 22o° = tan(180 I ' + 'lo , ') = taa45°= 1: 
sin 405° = sin 45"— -v/a! 
cos— 405°= cos— 45"= cos45° = Vii 
tan 585° = tan 225"= tau45° = l; 
cot— 585° = cot 135° = — tan 45° = — 1 ; 
sec (175° = see. —45°— $cvi5° = -J2; 
esc- 675° = cse 45"= V 2 - 
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functions of o°, oo°, 



Thm. 14. 


The ft!)ic!''onii <if 


rare 














Angle. 


Sine 


Cos.lTan. 


Cot. 


See. 


Csc. 


0°, u 


, Ott ; or 2»nr 





1 





3D 


1 


00 


00°, i.c 


, §; o, (*. + «„ 


1 


G 


«, 





- 


1 


iso°, i.c 


, tt; or(2?i-f-l)ir 





-1 





DO 


—1 


OC 


270°, i.c 


I 2 V I) 


-1 





00 





» 


-1 



The reader may prove these values by direct referei 
definitions of the functions. 



3 to the 
[§ ~' 

Note. From the values given above, and 1'rom others com- 
puted by methods to be given later, tables have been constructed, 
giving the function? of all angles, and other tables giving the 
logarithms of these functions ; they are called trigonometric 
tables. For their use tin: reader is referred to the tables them- 
selves. 



§23. GRAPHICAL RZrRL^lSTATION Of FUXOTTOM. 
Line-Functions. 





P <v4 


j, 




T ' 


i\ 






A 

\ ' 








A C 


\ 




y^" 






\ 


a 






Let xop be any angle, and with o as center, and any radius 
>x. describe a circle, cutting the sides in x and p ; from p let 
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full paJ_ox ; sit x draw XT tangent to xp, and meeting op in T. 
Draw otIox, and meeting the circle at t; ft'oni y let fall 
ybIop, and at p draw pt' tangent to pr, and meeting oy in t' ; 

then : if the radius be taken as the unit of length, the ratio ap : ox 
is the numerical measure of ap ; i.e., the number of units in the 
length of the line ap is equal to sinxop. 
and the line ap represents sin xop. 
So, the line oa represents cosxop ; 

the line xt represents tanxop ; 

the line ot represents socxop ; 

the line ax represents versxop. 
So, the line by represents sin poy, i.e., cosxop ; 

the line pt' represents tan poy, i.e., cot xop; 

the line ot' represents secpoy, i.e., esoxop ; 

the line bp represents vers poy, i.e., covers xop. 

These lines may be ealied the Ihie-fimcHons of the angles, as 
distinguished from the vafiii-f'tiiciions heretofore defined. They 
are also called functions of arcs; and the others, functions of 
angles. 

In most of the earlier treatises on trigonometry the functions 
were always defined as lines, thus : the sine was said to be "the 
perpendicular from one extremity of an arc upon the diameter 
through the other extremity"; the cosine was ■■ the distance from 
the center to the foot of the sine," or ■■ the sine of the comple- 
ment," and so on. 

Note 1. These line- functions must never be thought of as 
identical with the rati o-fu notions, not even when the radius is 
unity ; the ratio-functions are neither lines nor the lengths of 
lines, but numbers merely whose values are independent of any 
measuring unit of length. The reader may name the line-func- 
tions in the different figures, may state which of them are positive 
and which negative, and ma}- show that the ratios of these line- 
functions to the radius are identical with the ratio-functions 
heretofore given. 
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Curve of Sines. 




Let ox be the radius of a circle, and divide tlio circumference 

into any convenient parte at Pi, f s , ; draw AjP,, a 2 p 2 , ...... 

ordinates of p„ p 9 , with reference to ox, and sines of the arcs 

xp„ XFo, ; draw xr tangent to the circle at x. 

Conceive the circle to roll along xy ; let s u b,. be the points 

on xy where r 1( p 2 , rest respectively ; and at b,. b 2 , erect 

perpendiculars (o xr, and make b 1 c 1 = a^, B»c a = A 2 r a , 

Through c,, c 2 , draw a smooth curve ; it is the curoe of sines. 

Note 2. The following relations are manifest : 

(1) At x the sine is 0. 

(2) "While the arc is small, the sine is nearly as long as the arc. 

(3) The sine increases more and more slowly. 

(4) It is equal to + 1, its maximum, when the arc is a quad- 
rant ; then 

(5) It decreases, at first very slowly, but faster and faster as 
the arc approaches a half-circle. 

(G) "When the are is a half-circle, the sine is 0. 

(7) While the arc increases from 180° to 270°, the sine de- 
creases from to — 1, its minimum. 

(8) While the arc increases from 270° to 300°, the sine in- 
creases from —1 to 0. 

(9) At tiie cud of the first revolution the sine is again 0. 

(10) During every successive revolution the same phenomena 
are repeated in the same order, and for negative as well as posi- 
tive arcs. 

(11) While the revolution is continuous, the values of the sines 
are periodic, every successive revolution indicating a new cycle, 
and a new wave in the curve. 
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(12) Tho four parts of each wave that correspond to the four 
quadrants of the angle xor, are equal and similar to each other, 

(13) The sine has no value greater than +1, nor less than — 1. 
The reader may draw curves to represent tho other functions, 

and discuss them ; he will find, among oilier tilings, that : 

(14) The tangent is at 6 = 0; 
increases through the first quadrant to + co ! 
at 90° changes suddenly to — co ; 

increases through the second quadrant to at 180" ; 

increases through the third quadrant to + co at 270° ; 

at 270" changes to — co ; 

increases through the 1'mulh quadrant to at ;>(i(> 3 ; and so on. 

(15) The secant is + 1 at = 0; 
increases through the first quadrant to + co : 
ill; SO" cha.nges to — * ;- 

increases through the second quadrant to — 1 at 180° ; 

decreases through the third quadrant to — co at 270° ; 

at 270° changes to + co ; 

decreases through the fourth quadrant to +1 at 300° ; and so on. 

It has no value between +1 and —1. 

(1C) The cosine, cotangent and cosecant have the same limits 
as the sine, tangent and secant respectively; they go through 
like changes and are represented by like curves ; but they begin. 
for = 0, with different values, viz., 1, co, and co. 



5 24. EXEECISES. 
1. Express in degree-measure the angles : 
3.1416, -.7854, 1, 1.5, - 



:TjJ-1 



5' 7' 9' 

2. Express in jr-measuve the angles : 

14°, 15°, 24°, 120", 137° 15', -4S00", 13', 24", -5°, 10' 87".5. 

3. If the radius of a circle be one inch, what is the length of 
the arcs : 

14°, 15", 120°, 57°17'44".8, 1°, 1', 1", Z, ~, 2, ir+1, 
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4. Find the complements ami the supplement* of the angles: 
31°, 215°, 325°, 107° 12' 15", -36° 12', ?, ~, ^p -— . 

5. Construct the points in a plane wlio.se abscissas and ordi- 
irntes are : 

5,3; 2,9; 8,-7; -3,4; -5, -S. [Useony convenient unit J 

G. Construct the points in a plane whose hearings and dis- 
tances are: 
30°, 10; 30°, -10; 210°, 10; -150°, 10; 150", -10; ~60°,10; 

r, 8 | 7T, — 8 : -7T, 8 ; 0°, 8 ; — , 4 ; — , -4 ; — -, 4 ; --, -4. 
> ''''33 '33 

7. Construct the angles whose 



smc-s a 



cosines are .(>, ±£, ±£^3, ~~L.. 

tangents are -J, J, 0, — 1, od , V2 -4-1. 

cotangents arc }, ^r, ■- ■■ - T — , C ff f"^ & i au y lines. 
Write formulae for all values of 6 : 

when sin = — sin a, Vsin a a, Veos^a. 

when cos (9= —COS a, Vcos-a, Vsinaa. 

when tau# = —tana, vtan 2 a, Vcot'a. 

when cot#= —cota, VcotV, Vtan*o, 
Find the remiuiiLim 1 fimelk.ms of 6: 

ifrintf-.fi, A, 5, „? _L, _L + ^. 

17' 4' 3 V 3 V 2 G 

ifcot« = i, JVL0, »» ° 



if sec i'j 



5 8a Co V41 ,/82 



ifcsc0=-2, -, LXJL !i, 2(-l)™. [m any integt 
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*10. Find sin (5 from the equation, sinfl.cosfl = to. 

•11. If tan0 + cot0 = m, express all the functions of i 
terms of m. 

*I2. If tan 0= (-)', find the value of . 



©' 



*13. Eliminate liom tin; ecjuulkiiis : 

sin (1 + cos = a, tan + sec = 2 6. 

* 14. Eliminate <!> from the enuaiiiin-; : 

esc <f. — sin i£ = m, sec <£ — cos ■£ = u. 

*15. Eliminate and t/j from the equations: 
rasin 2 (?-|-&eos 3 #= )», 6 sin 2 <£-[-<"( cos s i£ = re, ratan.0 = &tao$. 
*1G. If tan^ + sec^=;a, find sin^. 
*17. Show geometrically that sin2^<2sin^, if $>0, <-. 

*18. Show how to divide an angle into two parts which shal! 
have their sines in a given ratio ; their cosines in a given ratio. 

"lO. Show how to construct an angle whose tangent is four 
times its sine. 

^20. Find all the angles whose 

sines are ±V£> ±W3, sin50 D , cosSO", cos-|. 

cosines are ±Vi> ±&V 3 > cosoO", sin 50°, sin™ 

tangents arc ±1, ±V 3 i tan f ' cot 40°, cot — 

cotangents are 0, ±^/ 3 ' cot lF' tall20 °> t&n-jr' 

secants are to, i-^i sec 7T> csc3 5°, esc—. 

cosecants are <c , ±2, esc -— , sec 35", see—-- 
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21. Find the 

sine of 225", -585°, 810°, -900°, 3-, _^5. 

cosine of 315°, -675°, 960°, -1110°, — , -8x. 
G 

tangent of 495", -945", 1110", -1260°, — , ——. 
'64 

cotangent of 675°, -1035°, 1200", -1410°, -— , - — - 
'64 

BBcantof 855°, -121 5°, 1410°, -1500°, — , -tl5. 

cosecant of 1035°. -1395°, 1560°, —1710", — , -13tt. 


22. In terms of the functions! of positive singles less- than 90°, 

express the values of tlie 

sine of 135°, 335°, -535°, -733°, ~, -—„-■ 

cosine of 235°, 435°, -G 

tangent of 335°, 535°, -735°, -935", — -, -?^5. 
5 7 

cotangent of 435°, G35", -835°, -1035°, — , -5tt. 

secant of 535". 735", —935". —1135", 7tt, . 

7 

eosecantof 635°, 835°,-1035°, -1235°, ^", -*®Z. 

5 7 

£3. In terms of the functions of positive (ingles less thaa 45°, 
express the values of the 

sine of 50". 150°, -250°, -350", — , — 4tt. 

12 

cosine of GO", 160°. -260°, -360°, — , -i*5. 

12 3 

tangent of 70°, 170°. -270°, —370", ~, -~- 

cotangent of 80°, 180°, -280", -380", — , -6-. 
12 
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secant of 00'. 190°, -2W, -390% — , ~^2Z. 
'12 3 

cosecant of 100°, 200% -300°, -400°, — , -—■• 



*24. 
sign 



Trace the changes, when 6 ii 
and value of each of the expressions: 



i to -2 - 



i the 



i a 0, oos-0, siii a — co 
25. From the table of n 
lof 20°, 21°, 20° 10', 



D.0+cos0, sinS— cos0, sin (9 + csc0, tanfl — cot0, 
s-'0, cos a e-sin a e, tan s + cot*fl. 
itiirul functions, find the 
20°10'45", 89°18'25", 157°15'23". 
cosof20°, 21°, 20° 10', 20°10'45", 89 D 18'25", 157°15'23". 
tan of 85°, 30°, S5°15', 35°15'47", 80°58'85", 125° 0' 12". 
cotof35°, 36°, S5°15' J 35°15'47", S9°58'35", 125° 0' 12". 
20. From the table of natural functions find the angles whose 
sines are .25882, .25010, .25900, .1)2794, .92805, .92800. 

cosines arc .92794, .92805, .92800, .25910, .25882, .25900. 
tangents are .5022, .5059, .5035, .9217, .9271, .9250. 
cotangents are .9217, .9271, .9250, .5022, .5059, .5035. 
27. From the table m" logins li)ni<: fimuiioriM fiml :lic logarithmic 



sin of 20°, 21°, 20°3O', 20°10'45", 


89°18'25", 


157°15'23". 


cos of 20°, 21°, 20-10', 20°10'45", 


■89°18'25", 


157°15'23". 


tanof35°, 36°, 85° 15', 35 15'47", 


S9°58'35", 


125° 0'12". 


cotof35°, 30°, 35 15', 35°i5'47", 


89°58'35", 


125° 0'12". 


see of 50°, 51, 50° 20', 50°20'49", 


115° 0'45", 


179°58'55". 


esc of 50°, 51°, 50 D 20', 50°20'49", 


115° 0'45", 


179° 58' 55". 


28. From the hdilis of louiirii-hmie functions, find the angles 


whose logarithmic 






sines are 8.580892, 8.584193, 


8.582125, 


9.999083. 


cosines are 8.580892, 8.584193, 


8.582125, 


9.999G83. 


tangents are 8.581208, 8.584514, 


8.583125, 


11.418790. 


cotangents are 8.5S1208, 8.581514. 


8.583125. 


11.418790, 



secants are 10.367529, 
cosecants are 10.367529, 



11.367514, 12.367529, 13.367514. 
11.867514, 12.367520, 13.367514, 
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PLAXE TKIGO-NOMIITRY. 



II. G-ENEEA1 FOKMTTLAE. 

§ 1. FUNCTIONS OF THE SUM, AND OF THE DIFFERENCE, OB 
TWO ANGLES. 

TrcnoftBM 1. I/O and $' be any two angles, then : 
39] sin (0 + $') = sin $ cos(t'+ cosflsintf' ; 

40] sin (0 - $') = sin cos0'- cosfl ainff ; 

41] cos((3-f 0') = cost* cos 0'- sinfi shitf' ; 

42] cos(0~-0') = cosg cosfi'+ sin 0sin0'. 




Foi', let xop be any angle 0, positive ov negative, and i*oq be 
any other angle 0' ; then xoQ = 6 + ff. 

Draw ijq ordinate of Q with reference to op, and aq and cb ordi- 
nate?; of q mid ii ivilb reference to ox ; draw ck parallel to ox and 
meeting aq in d ; on bq take f so that Z kbf = ^-tt + 6. Then ; 

'ft J. (,'\ — oi'^i'ii'-to aq __ en + dq . 

v distance OQ OQ 



a) 



but 



OQ OB OQ 

EQ„DQ EQ 
OQ BQ OQ 

= sin(ii + «)sln«' 
0+0') = sin0cos0'+eos0sin0'. 



[I. §7 



[I. §7 



[I. §7 
[7 
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GENERAL FORMULAE. 



(2) .In 


[39] substitute — 0' for $', then : 




— 0'=0 + (-0'), 




sin (fi - 6') = sin0cos(-0') + c 




= sin0cos#'— eos0 


(3) 


.„ , ,., abscissaoA oc 
distance oq < 


but 


OG __ OC . OB 
OQ OB OQ 




= cosf COS 0', 


:ind 


ED BIi BQ 
OQ BQ OQ 




= cos(|7r + (J)sin0 



n(-fi') 



[:!!) 
[1,2 



[I- §7 



[I. §7 



[I. S7 



n0'i 



.-. cos^+e')^ 003 ^ 003 ^— sin ^ sin 9'. q.b.d. 

(4) In [41] substitute -6' for 6', then 

cos(0-(5') = cos0cos(-0')-ein0sin(-0') [41 

= cos0cos<?'+sin0sin0'. q.e.u. [2, 1 
Note. Since each of the angles $ and 0' may bo in either of 
the four quadrants, there ure sixteen different cases possible ; but 
the proof is general, for it applies to all alike. The reader may 
enumerate the cases in detail and draw the other twelve figures. 
Con. 1. If 6 and $' be any two angles, then: 
+ tang . 



43] 
44] 



tan (0 + 00 = 



.— tan tan 0' 
fcan0 — tanfl' 



For tan(0 + 6') =* 



+ 

f.mfia.riO 1 



) 

+ Ci>3 



cos 6 cos 0'— sin sin B' 
Divide both terms of the fraction by cos cos &', then 
tan + tan 0' 
' 1 — tanfltanfl' 1 



tan(0+0') = 



[35 
[39,41 

Q.B.D. [35 
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PLAKE TRIGONOMETRY. 



ten(D-e')= B '°t 1 '-? 



III. 

[85 



\\ <:.<>-( > ' — cos $ sin fl' 



l + taufltanfl 1 
The reader may find like formulae for cot(0+0') and cot(0— ff). 
Note. The six formulae [39—11] may be written as three : 
39, 40] sin (0 ± 0') = sin cos 0' ± cos 6 sin 6' ; 

41, 42] cos(<9±0') = cos# 



43,44] tan(0±0') : 



tan (9 ± tan 0' 



l:p tan0tan(3' 

Cor. 2. Iff) and ()' be any Iwo angles, then: 
45] 



47] 
48] 
49] 
50] 



^Mi = co t0'±cofc0; 
0sin0' 

.0sin0' + 

^±^ = tan0±tarn9'j 

= l^tan(?tan#'; 

- l±cot#tan<?'; 



OOKfl eos si ' 
am(g±g') 

sinS cos 0' 

CQ3(fl±gQ 



= cot(J:ptan#'. 



The reader may prove these formulae by performing the di- 
visions and redactions indicated. 

Cor. 3. If 9 and 0' be any two angles, then: 

51] sin (6 + 6') + sin ($ -$')= 2 sin a 

52]. sin (0 + 6') - sin (0 - 9') = 2cos# si 

03] eos (9 4- 0') + cos (0 - 0') = 2 eos c 

54] cos(0 + 0') - eos {6 - 6') = - 2 sin sin 0'. 
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§ 2.] GENERAL FOKMULA.E. 

For, if to [39], [40] he added, the result is [51] 

if from [39] , [40] be subtracted, the result is [52] 
if to [41] , [42] bo added, the result is [53] 
if from [41], [42] be subtracted, the result is [54]. 

Con. 4. I/O and 0' be any two angles, then: 
55] sin (0 + &') sin [6 ~ 6') = sin-0 - sin-#'= cosV-cos s ; 
5G] cos(& + &) cosffl - 0') = eos-d- sin s 0'= co8 s 0'-sin 2 0. 

The reader may prove, by performing (.lie multiplications indi- 
cated ; he will make use of [36]. 

Cor. 5. If and $' be any two angles, then: 
571 sin (0+6') _ tail 6 + tan $' . 
'"- 1 siu (0 — 6') — tanfl — tan0' ' 
Ro-i cos (0+0') _ 1 — tanfltapg' , 

■* cos(0— &') ~ 1 + tanfltane' ' 
5g -, sm(d±0') _ taufl±tan0' 

J cos(0 +(?'} — 1 ± tan0 taa0'" 

The reader may prove, by aid of [47-48]. 

§ 2. FUNCTIONS OF DOUBLE ANGLES, AND OF HALF 
ANGLES. . 

Tiim. 2. I/O be any angle, then; 
SO] sm2fl = 2sin0cos0; 
01] cos20 = cos s 0-sin*0 = 2coB a 0-l = l — 2siii'0; 

_ II — COS0 __ sinfl _ 1 — COS0 

05] toni« - yi^r—f, -= T ^- : - e - s ,„« ' 
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32 PLANE TRIGONOMETRY. [II. 

(1) Id [39, 41, 43] substitute 6 for 6\ then: 
•.• 8 + 6' =29; 
.-. 8in20 = sin0cos0 + cos0sin0=2sin0cos0. [89 

So, cos20 = cos0 cos(?-sin0sini) = eos 2 0-sin ! [41 

= 2 cos ? (9 - 1 = 1-2 sin^ ; [36 

and tan2g = taDe+teDg = 2tanfl _ D [4g 

1— tanfltanfl 1— tan 2 L 

(2)-.- cos20 = 1 -2 sin'e, whatever the angle 0, [01 

cost) = 1 - 2sin s i0, [substitute %6 for 6 

| l-~c osfl 
sin-J-e = -^ g 

cO820 = 2cos s — 1, whatever the angle 0, [61 

cos $ =2 cos 3 J 9 — 1 , [substitute £ # for 

I1+COS0 

cos^lM^ jj 

,, , ,/! sin v5 ^ [1 — cos(? ro - 

Ucuee, tanifl = f- = [3u 

cos^f? A/14-cos(9 

Multiply both terms y.|" f,h<; fr;i c;l ion by -/(l -f-cos(9), theu 

T l + cos0 l + eos0 L 

or, multiply both terms of the fraction by a/(1 — cos#) , then 

V(l-cos^) sin* v L 

Note. Although the radical -y(l — cos 2 0), = ±siil0, has two 
values, opposites ; yet tan l has but one sig-n and one value ; 
for, when 6 is in the first or second quadrant, then \0 is in the 
first or third quadrant, and sinO and tan-J-0 arc both positive ; 
so, when 6 is in She third or fourth quadrant, then \-0 is in the sec- 
ond or fourth quadrant, and sintf and tan-J-0 are both negative ; 
i.e., whatever the sign of sin 0, the same is that of tan -} £ $. [I. Th.3 

Cor. J/0 be any angle, then: 
06] sini0 = i[V(l+siii0)-V(t-sw0)]; 

67] cosi0 = £[V(l + sin0) + V(l-8in0)]. [Seent.lp.103 
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GENERAL FOE1IUI..1 


For, • . 


sin 20 




= 2sni(9ooftt', -what 


but 


sin e 




= 2sin£0cos-J-0: 
^coB^+shi^l? 




1 + Sill 




= {cos£0-f-sin|-0) 


and 


i — sin e 




= (c08-^-sin$<}) 




V(i+»i 


Ifl) 


= cos £0 + sin$0, 


and ^ 


V(i-.i 

etc. 


ie> 


= cos £0~sin&0. 



ei the angle 0, [60 

[substitute J 6 for 6 

[3G 



§ 3. FUNCTIONS OP THE HALF-SUM, AND OF THE HALF- 
DIFFERENCE, OF TWO ANGLES. 

Thm. 3. I/O and 0' he ai>>/ iwn 'oir/Ies. tlu-n: 
G8] sin 9 + sin 0'= 2 sin i(6 + 6')co^(e - &) ; 

69] sinS -sin0'= 2cos£(0 + 0')siu£(0 -0') ; 

70] cos<? + cos0'= 2cos$(0-r-l3') c os£(0-0 F ) ; 

71] ms - cos0'= - 2 sin £(0 -j- 0') sin £(0 - 6') . 

For, in [51-54] substitute $(6 + 0') for and £(0 - 6') for & ; 
then also $ stands for {0 + 6'), and 0' for (0 - 0') ; 
and [51-54] reduce to [(18-71] respectively. 
Cok. If 8 and 6' be any two angles : 
sin + sin 6' = taii£( fl + fl') . 
tanK<?-0')' 
tan £(0 + 0')i 



72] 
73] 

74] 
«] 
76] 

77] 



sin 6 — 


sin0' 


Sin 6 + 


sin 6' 


cos0-H 


cos 6' 


sin - 


sinU' 


cos0 + 


COS0' 


sin $ + sin & 


eos0 — 


COS0' 


sin (? — 


siu0' 


COS0 — 


COS0' 


(.-l.)~(i : 


CQSd' 



txn.i($-$')\ 
-eotb(6-ff) ; 
-cot^{0 + 0') ; 

-aoti{$+ef) notice - 



The reader may prove, by dividing [GS-71] one by another, 
as indicated, and rtidisting the quotients. 
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84 PLANE TRIGONOMETRY. [II. 

*§ 4. FUNCTIONS OF THE SUM OF THREE OR MORE ANGLES, 
OF TRIPLE ANGLES, ETC. 
Tmi. 4. If 8, d', 8'', be any angles, then: 

781 sin($+$'+$") = \ sin0cos0'cos0"+cos0sm0'cos(3" 
l+cosfleoafl'sinfl'' — Bia0sin0'sini9" 
= COS0cos0'cos0 , '(taii0-Han0'+tan0' , -tan0tan0 , tan0''): 

79] co$(6+0>+8") = \ OMfloo.tf'oM^-OMtfBlnS'riQtf" 

J v ' I - sin (3 cos & sin 0" - sin & sin 0' eos#" 

= cos0cos0'cos0 l '(l-tantf'tan0"-tan0tan0''-taninan0'); 

om i ,, , ,p , „,■-, tan# + tan0'+tanfl"— tanOtanfl'tanO" 

ou tanip-r-p -He ) = — — — -■ 

J v ' 1— tan0'tan0"— tanfltantf"— tantftand' 

The reader may prove, by developing ein [# + (#' + #")], 
cos[0+(0'+0"}], and tan[0+(0'+0")] as functions of the sum 
of two angles and {6'+8"), and then developing the functions 
of ($'+$") which arc involved. He may also prove the result for 
tan (9 + ff + 0") by dividing that for sin (8 + 0' + 0") by that 
for cos (0 + 0' + <?")• 

The reader may in like manner get (lie sine, cosine, and tan- 
gent of the sum of four angles, of five angles, and so on. For 
sine and cosine, lie will find that: 

.Inffl-j-U'-l-tfU. ^ f 5tan0-Stan0tan0'tan0" 

82 -, cos(0+9 l +0 ,l + ) _ f 1 -2tan0tan0 r 

J cos#cos0'eos0" ' I + 2tan0tan0'taii0"tan0"'- ; 

wherein Stand stands for the sum of the tangents of 8, 8', , 

2 tanOt&nfl' stands for the sum of the products of those tangents 

taken two and two ; and so on. 

By making 6 = 6' = 6" = , ho will find that: 

83] sin3(5 = 3siu0cos 2 0-sin !! 

= 3sin0-4sm s 0; [36 

84] coaS0 = cos a - 3cos^sin a )9 
= -3cosf? + 4co5 a 0; 
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GENERAL l-'Ol^K.LAE. 



Li 4 6 = 4 shi0 cos 3 - 4 sin 8 6 cos & 

= 4sm0cos0-Ssin 3 0cos(?; [36 

86] cos 40= cos 4 — Ocos s <5sin : #-|-sm 4 

= 1 — 8cos 2 + 8cos 4 #; 
87] sino0=5sini9cos 4 — ]Osiu 3 <9 cos 3 + sin B 

= 5 siii^ - 20 sin 51 (5 + IGsin'tf ; 
88] cos5#=cos 5 0-lOcos 3 £lsin ! <9 + 5coa0sin 4 
= 5cos(J-2Ocos s + 16cos E 0; 
and. in sroncral, that : 
89] sinnd = c, hl ti\n0 cos"- 1 8 — c„, s sm*d cos"- s 6 

+ c M sin"0co9 B - |i — ; 

90] cosii#=cQs"0-c M sin £ 0cos , '- 3 0+c nil suv , 0cos"- 4 0— ; 

wherein c ni , denotes 

nQt-lKn-jj Qn-r + 1 ) 

1.2.8 r ' 

the number of combination;; of « tilings taben r at a time. 



*§ 5. DIFFERENTIATION OP TBIGOFTO METRIC FUNCTIONS. 

Lemma. If 6 be an urihuieaimul avjle, then lim (sin ^ : 0)=1, 
and lim (tan (5 ; #) = 1 . 

For, lot c be the circumference of a circle, 
the centre, p and p' the perimeters of two 
regular polygonsof the same number of sides, 
the first inscribed in and the other circum- 
scribed about the circle, and having their 

sides it', tt', parallel each to each. 

Draw oaxXpp' and tt', then : 

'.■ p<c<p', whatever "die number of sides, 
and '.- p approaches indefinitely near to p' when the number of 
sides is indefinitely increased, [geom. 

.'. c is the common limit of p and p'. 
.*. 1 is the common limit of the ratios p : c and p' : c. 




,GoosIe 



36 PLANE TRIGONOMETRY. [II. 

And '-■ the two poly irons arc similar, and ap, xp and xt arc 
like parts of p, c and p\ \_geom. 

AP:XP =»:c, and XT : xp = p' : c; 



.-. lim(sinl? iff) = lim(p: c)=l, 
and lim (tanfl : 5) = lira (#' : e)=l. 

Thm. 5. Jf 8 be any angle, than: 
91] D e sin#= cos#; d„csc# = — cot(?csc0 ; 

92] d CO3 = — sin 6 ; d seofl = tan<9 see0 ; 

93] D fl tan0 = see 2 0; D u cot0 = — csc 2 0. 

For, let# be any angle, and 0' an iiilinii'.csiu.uil angle, the incre- 
ment of 0, then : 

... S i n (0 + 0') - sintf = 2 oos (fl + £ 6') sin ft? ; [GO 

. BJn(fl + fl')-ain.fl _ .. , .,. sjni^ 

But 6' is the increment of 0, [hypoth. 

and 8111(0+0') — sin is llie corresponding increment oi't-iuS'. 

lirn^-- 1 "— , = i>,,siin9. =CGS0. Remwwi 

incf e - 

So, ■■■ cob((9 + 0') -cos0 = -2sin(0 + i0 , )sin-J-e'; [71 

oos (6 + 6') — cost? _ _ . j-a , , gi\ siaj ^ . 
0' *■ "^ ; i^ ; 

lim^E££° : \ = docosS. = — sinf). [kmma 

inc0 



. a sin (5 eos0 D H sin6 
So, d tan = D fl = — ■ " 



>^0 + , 



The reader mtiv prove for \>, esc0, = d„ , 

and for D„cotfl. 



[;io, ;:m 



/Google 



§6.1 



GENERAL FORMULAE, 



*§ 6. DEVELOPMENT OF TEIGOXOJiETlUC 1'UKCT IONS. 
Thm. 6. If be any angle, then: 
9-1] sine = 6 -^ + ~-~ + ; 



95] 

i'or assume 



0=1- 



i~h + - 



wherein a, b, c, are unknown, bat constant, whatever the 

value of $; and dillerentiatc both members of the equation, then 



eos0 = B + 2c0 + 3D0-+4Ei9 3 +f)F0M 
-sin0 = 2c-f-GDi9 + 12E(9 ! +2OF0 8 - r - — 
-cos$ = QD + 2iE$ + 50s6 s + ; 

im$ = -Hr.+V20E6 + ; 

CO80=12Op + -.-. 

= 0. then ; 
sing- a; .-.A = 0; 



[91 
[92 






i the. assumed develop- 



-cos0 = Ci) =3!] 

sind=24i: =4h 

cos0=12Or = 5!] 

and so on. 
Substitute their values for a. 
meat, then 

dl,(=l«-|i + |J-i! T Q.E.I,. 

Differentiate both members of this equation, then 

COS ^=l_£ + -^_^+ Q.E.D. 

2!^ 4! 61 

Note. That sin 6 = a + &6 + c0"+t>8-'+ , as assumed in 

the above demonstration, is not self-evident, though true. Most 
functions can be developed in this form, lint some cannot, 
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38 PLANE TRIGONOMETRY. 

Cor. If 6 be any avfib:.. tin-ii: 
96] tan0= + - t 



62 fl 8 



3.5 3 2 . 5. 7 



cot(9 = ~— - - 



98] 

99] csc0 = i 4- 



S 2 . 5 8 8 . ! 
. 2 3 .3 2*.3 S .5 2'.3 5 .7 






Z + 
t 

310 



3 3 .5 3 .7 



mo" 



2.3 2 B .3 a .5 2 4 .3 S .5.7 2 7 .3 3 .5 2 .7 
The reader may prove, as exercises, by either of two methods : 

(1) By Division: 

For the tangent, divide the development of the sine by that of 
the cosine ; 

for the cotangent, divide the development of the cosine by that 
of the sine ; 

for the secant, divide unity by the development of the cosine ; 
for the cosecant, divide unity by the development of the sine. 
The work is facilitated by using detached eoellieients. 

(2) J.iy the method ufv.iilrtwmn confidents; 



Q-h+h- 



7! 



l-h+h~h* 



.,=e+A£i ;i +i3^' 5 +c^+ , 



and thence find a, b, C, 

So, for cotangent, secant, and cosecant. 

_1 $ 



Again, ■.■ r> fl log 



= cot# = 



2*. 3*. 5 



100] .-. log sin =log 

i.e., the expression whose n (J is Hie above series for cot#. 

So, ■.■ » g logcos0=-?^ = -tan$ = -($ + — + ),[96 



cos 6 



101] .-.lo< 



r+^ J 



8 a .5 2 8 .8 a .5.7 
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§ 7.] GENERAL FORMULAE. Sit 

§ 7. THE TRIGONOMETRIC CANON. 

The Trigonometric Canon is a set of tables which give the 
sine, costno, tangent, c-ofcaniii'ii t, secant and cosecant for every 
initio, lYom to :i right angle, taken at regular intervals of say 

10", or 1', or 10', , as may be chosen for the particular 

tables. Such tables contain cither the functions themselves or 
their logarithms. The first are called the natural functions, and 
the others the hxjurilhmic functions. 

Problem 1. To construct a table of natural sines and 

COSINES, TO MINUTES 01' ANGLE. 

Fikst Method: Assume mnl' as differing insensibly from 
arc V, i.e., that sin 1' = .0 00 290 888 2, 
and hence, that cob 1', = Vl -sin'l', = .999 999 9577; then: 
(1) For angles 0"-oO D , apply formulae : 

sin {_$ + $') = 2 sin 6 cosfl' - sin (6 - $') , [51 

eos(0 + $') = 2cos<?cos0' - aoa($-~6') \ [53 

make 6 =s 1', 2', 3', successively, and $' = 1' constantly, thus • 

sin 2'= 2 sin 1' coal' — sinO' 

= 2 x .000 290 8882 x .999 999 9577 - 
= .000 581 7764 X (1 - .000 000 0423) 
= .000 5817764; 
sin3'=2sia2'cosl' — sinl' 

= 2 X .000 581 7764 X (1 - .000 000 0423) 

-.000 290 8882 
= .000 872 6046. 
So, cos2' = 2cosl'cosl'— cosO' 

= 2 X .999 999 9577 X (1-.000 000 0423) - 1 
= .999 999 8308; 
cos 3' = i cos '■£' cos 1'— cos 1' 

= 2 X .999 999 8308 X (1 - .000 000 0423) 

-.999 999 9577 
= .999 999 G193. 
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(2) For angles 30°-45°, substitute 30° for 0, and V, 2', 3', 

MC<:<:<te/i:el>i for 6' in formulae : 

sin (6 -hf?') = 2 sinfl coafl'- sin (6 - 6') [51 

= coy 0' - sin (9 - 6') ; [sin 30° = £ 

cos (0 + 0') = cos ((5 - (?') - 2 sin sin 0' [54 

= coa(8 — $')-amB'. 
Thus: Bin. 30° 1' = coal'— sin29° 59' 

= .999 909 - .409 75 = .500 25 ; 

sin 30° 2' =oos2 , ^sm20°58' 

= .999 900 - .499 50 = .500 50. 

So, cos30°l' = cos 20° 59'- sin 1' 

= .86617 -.000 29 = .865 88; 
cos 30° 2' = cos29 c 58'-siii2' = .805 73. 

(3) For angles 4i> -(){)°, apply formulae: 

S io(45 +^) = cos(45 -^) ; [I. Thm.5 

cos<45°+ 6') = sin (45° - &) . 
Thus : sin 45° 1' = cos44° 59' = .70V 31 ; 

sin 45° 2' = cos44° 58' = .707 52. 
So, eos45° 1' = sin 44° 59'= .706 90 ; 

cos45 D 2' = sin 44° 58' = .706 70. 

* Second Method: SvMtiink'. the vv.lv/>. of for 0', 1', 2', 

in [94, 95]. Thus: 

1 ' - E ~ 3-141592 053 589 703 
180 x 60 10 800 

= .000 290 888 208 666 ; 

■ •■ Bin V = .000 290 888 208 666 - m0 29 ° ff 20B 666 V 

= .000 200 888 2046; 
, , , .000 290 888 208 666 s , 
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sin 2' = 2 X .000 290 888 208 666 

„ a .000 290 888 208 666 3 . 

3! 

= .000 581 77G4; 

cos2'=l-2 2 x -O 002908882086 ^ i. 

= .999 999 8308. 
Note 1. The process is evidently very tortious ; but the reader 
will notice, first, that it would be much shorter if four or five 
decimal places only were sought in the functions ; and, second, 
that once having raised the fraction to the required powers, 
thereafter he lias only to take simple multiples of them. At first 
he need use ln.it two terms of the scries ; but later, when 8 is 
larger, and the series therefore converges less rapidly, move 
terms must be used ; thus : 

-.-, for 80°, $ = - = .52360 nearly; 
G 

... ai n30° = .52300-^ + ^!-^I + 

6 120 5040 

= .52360 - .02392 + .00033 - .00000 + 

= .5 within less than .00001 ; 
i.e., by the use of three terms of the series, the sine is found 
correct to four decimal places, the same degree of accuracy as 
that assumed for the value of n-. 

Note 2. The results may be verified by using both methods 
of computation ; and for certain angles there are other and inde- 
pendent methods : 
(l)-.-8injg = J 1 ~ 2 Coag , anclcoB£fl= Ji±^; [03, G4 

.-. &omcos45°, = Vi> P- Thm.lS 

are found in succession the sines and cosines of 22° 30', 11° 15', 

5° 37' 30", 

So, from cos 30°, = J ^3, [I. Thm. 12 

are found in succession the sines and cosines of 15°, 7 n 30', 
3° 45', 
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(2) ■ 


.- sin20 =:2sin0cos0, 




[60 


and 


cosSfl = 4cos 3 0-Scos0, 




[84 


and ■ 


,* sin3(i — cos 54°, 




[I. Thm.5 




'. 2sinl8°coslS° = 4eos 3 18 a - 


- 3 cos 18° ; 





.-. Binl8° = i(Vo-l), andcosl8°=:^V( 10 + 3 V 5 )' 
whence are found in succession the sines and cosines of 9°, 4°30', 
2" 15', 

(3) Fromcos3G° = cos 3 18°-SLn i! 18 =^( v /5 + l), [CI, above 
and sin36 o = V( 1 - coa ' 36 °)=iV( 10 - 2 V 5 )i [30, above 
are found the sine and cosine of (30°— 30°), i.e., of 6°, and 
thence in succession the sine and cosine of 3", 1° 30', 45', 

(4) From sin(36 o +fl')-9m(3G D -0'),= 2cos36° em0' [52 

= £(V5+l)sin0 F , [above 
BUbtract ein(72°+0') — (sin72°-(9 F ), « 2eos72°sin0' [52 

= i(^/o—l)ain6'. [above 
then, 102] 

sm(36°-f-0')— sin(3G o -^ = sin(72 o + l 9 r )-sin(72 o --#')+sin0'. 
which is Eider's formula of verification, and serves to test the 
sines of all angles from 0° to 90°, if to &' be given the different 
values from 0° to 18°. 

PKOB. 2. To COMPUTE TANGENTS, COTANGENTS, SECANTS AND 
COSECANTS. 

First Method. Fortlie t./tngenls, divide the sines of tJie angles, 
in order, by the cosines, each by each; for the cotangents, divide 
the cosines by the sines; for the secants, divide unity by the co- 
sines; for the ivseaoits, divide unity by the sines. 

* Second Method. Siibs'H'tie the values of Q for 1', 2', 3', 

in formulae [96-99]. 

Note. These series converge less rapidly than those for sine 
and cosine ; but fur small angles 1.1 soy may be used. 
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PllOB. 8. To COMPUTE TABLES OF LOGAHTTHMIC 

First Method. From a table of logarithms of numbers take 
out the logarithms of the natural nines and cosines. For the tan- 
gents, subtract the logarithmic cosines from the logarithmic sines; 
for the cotangents, subtract the logarithmic sines from the loga- 
rithmic cosines; for the secants and cosiwi/fs, subtract the loga- 
rithmic cosines and sines from 0, respectively. 

* Second Method. For the sines and eosln.es, substitute the 

values of $ for 1', 2', 3', in formulae [100, 101] ; for thetan- 

gentSy cotangents, secants and cosecants, follow the first method. 

Note. A more rapid method, applicable also to making tables 
of natural functions, and many others, is this : 

Compute the logarithms of three, four, or more angles at regu- 
lar intervals, and find their several " orders of differences" ; ■ 
then, by the algebraic " method of differences." find the succes- 
sive terms of the series of logarithms, 

and interpolate for other angles lying between those of the series. 
Repeat this process for different parts of the tabic, and verify by 
direct computation. For safety, four-place tables must be com- 
puted to six places ; five-place tables to seven places, and so on. 

A useful modification of the above rule is this : 

Add the last difference of the highest order to the last differ- 
ence of the next lower order, and that sum to the last difference 
of the next lower order, and so on till a term of the series is 
reached. Thus, in the example which follows, the numbers 
below the heavy rules are got by successive addition: 



Angle 


log sine 


1st difs. 


2d difs. 


3d difs, 


18° 

18° 10' 
18° 20' 


9.489 982 4 
9.493 8513 
9.497 682 4 
0.501470 4 


3 8G8 9 
8 831 1 
3 794 


-378 
-371 


7 




18° 30' 


-3G4 
-357 

-350 




3 757 6 
3 721 9 
3 686 9 




18° 40' 
18° 50' 
19° 


9.505 234 
9.508 955 9 
9.512 642 8 


7 
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* § 8. EXEKCISES. 
If a, b, a be any three plane angles whose sum is 180" (the 
three angli!;! of a. triangle), prove that: 

1. taiiA + tanB + tanc — tan a tans tunc. [SO 

2. tan^A tan|e + tan J is tan£c + tau|c tan^A = 1. [<S0 

3. sir.2A + sui2i5 4-sin2c = 4sinAsin.Bsinc. [G8, 10, 71,4 

4. sin a + sins + sioc = 4 cos -^ a cos }u eos^-c. [G8, 4, 70 
Prove that: 

6. sin (3 sin -1 as) =3 as — its?. [78 

7. tan(2taa- 1 as) = 2as:(l-as*). [62 

8. tan (Stanzas) =(8a; -a 8 ): (I -3 a?). [80 

!). sm- 1 3± S in- 1 ? / = sin-'[a;V(l-r)±yV(l-^)]- [39 

10. eos -1 sc± C08 -1 # = cos _1 [a.'y ^ ^/(l — its 2 — j/ 2 +as ! ^ s )]. [41 

11. tan-'.isitan- 1 !/ — tan -1 (as±y) : (asi/ ^ 1). [43,44 

12. £,r = sm-'S-+sm-'±. [30 

13. i;7r = t;us"M =tan-H- + tair 1 i [43 

= tan~ 1 £ + tan~'£ + tan -1 ^= 2 tan -1 £ + tan" 1 -f. [SO 

14. tanae=™|±™|»±™4«. [89,41 

cos + cos 3 + cos j 

15. If (l+ e cos(S)(l- £ eos^) = l- £ 2 

then also, tau£fl : tanf-.fr = V(l +0 : VC 1 " 6 )- [ G3 

1G. If $, &' and 6" be any three angles, prove that 
-Bm(0 + 6- +$•') + B m(-6 + 6' +6"}\ =4:Bine ^ n6lBin6l , [7S 
+ sin(0-6'+6") + Bm(6 + e'~6") i 

eos^ + 9'+0 + eos(-9+e'+^)} icoa$(X)B e'co B 8" .[79 
-fcos(0-0'+0") + coB(0 + 0'-0 r ') J 

17. If # and 9' be any two angles , and n any integer, prove that 

[sm0+sm(<5+£)')+si»(0+2<3')+ +Bin(g+^lfl')] .2BJQJg' 

= cos (9 - £0') - cos (fl -fa - £0') , [04 

[cos 6+ cos (fl + 8') 4- cos ( g + 2 ') + -f eo9(0+n=l)fl'].2sin£0' 

= sin^ + n - l-fl') - rin(ij- \$') . [52 

13. From the results of Ex. 17, prove that 

s .„ e+si „(, + ?j) + . ta («4') + +si »(« + ^L')=.o, 
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cos$+cosU+^\+<x>a(e+-~\+ + oosN)+ ~-~ j=*0, 

wherein n is any positive integer. 

IS). In the results of Ex. IS, make n = 3, and prove that 
sin 6 + sin (00° - 6) - sin (00°+ 0) = ; 
cost* - cos(60° - 0) - cos(C0° + (9)^ 0. 

20. In the results of Ex. IS, make v = 5, ami prove that 

sin 0+sin(72°+0)+sin(3(> o -(?) -sm(3G°+0) -sin(72°-0)=O, 
cose+cos(72 +9)-cos(3C ,J -ei)-cos(36 +0)+cos(72 D -e)=0, 
and from the fust of these two, got Killer's formula. [102 

21. In the results of Ex. 18, make n = 9 and 15, in succes- 
sion, and thence find other formulae of verification. 

Show that the formula found when n = 9 verifies the sines of 
all angles in the quadrant, if to $ be given values from 0° to 10°, 

22. If 6 be any angle and 6' be an infinitesimal angle, the in- 
crement of 0, prove that 

iiic s Bm0 = --(2sin£0') a sin(0 + 0'), [69 

m.c 3 cos0 = -(2sin;}0')' ! cos(0 + 0'), [71 

ino 4 sin = (2 sin -J <?') 4 sin (0 + 26'), 

inc 4 cos0 = (2 sin! 0') 4 oos(0 + 28'), 
wherein inc B sin0 stands for the increment of the increment of sin 0, 
i.e. , for [sin (0 + 20')- sin (6 + 0') ] - [ sil1 (fi + 6') - sin 0] , 
or sin (0 + 2 d') — 2 sin (0 + 0') + sin 0, 

and me 4 stands for inc ineincincsin0, i.e., for 
sm(0+40') — 4sin(0+30')-r-6sm(0-h20')-4sin(0+0') + eine 
and so on. [Alg., Meth. Dif. 

23. Compute the sines and cosines 

of 22° 30' and G7° 30', 11° IS' and 78° 45', ; 

of 13 d and 73°, 7° 30' and 82° 30', ; 

of 0° and 84°, 3° and 87°, ; 

of 9° and 81°, 4° 30' and 85° 30', 

[Prob. 1, note 2 

24. From the logarithmic sines of 18°, 18° 10', 18° 20', 

find the several orders of differences, and thence, by interpola- 
tion, find the logarithmic sines of 18° 1', 18° 2', 18° 3', 18° 4', 
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III. SOLUTION OF PLANE TRIANGLES. 
§ 1. GENERAL PROPERTIES OF PLANE TRIATTGLES. 



Theorem: 1. Jn any plane triamjle the siCies are proportional 

io (he much of the opposite angles. 




Lot abc be any triangle ; a, 6, c (lie sick',-? opposite the angles 
a, b, c respectively ; then will : 
103] 



c : a = s: 
For. draw DC-Lab; then 



and c:a = sine; sin a. 

Note 1. This theorem may "be stated ] 
thus : 

a : b : C ™ sin A : sinB : sin c ; 
or thus : 

a _ b _ c 
sin a sin e sin C 



[I. § 7, note 
[Thm. prop'n 

Q. E. 13. 

■■ symmetrically 
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Cob. In any plane triangle abc ; 

104] a= MlM = ^li; 



i'J.V| 



__ ssmib __ asmc . 

b ~ c ' 

_ bsiiic 6sinA, 



Note 2. The expressions— , are equal to the diameter 

Sill A 

of the circumscribed circle, as appears later, Peob. 4. 

Note 3. All the angles of a triangle are positive angles, and 
tiic sides of the triangle are positive lines when taken with refer- 
ence to the angles included by them. 

The ordinate of the vertex, with reference to the base, is there- 
fore always positive ; 

but the abscissa ma.y lie either positive or negative, according as 
it is measured in a positive or negative direction from the 
origin used. 

Tjih. 2. In o.ii>t yilttiip. trian//'!e, the sum of any two sides is to 
their difference as the. t.mgent of half the sum of the two opposite 
angles is to the tii.ii//ent of half their difference: 
106] i.e.,{a + b): (<i~5) = tan J(a + b) :tan£(A~B) I 
(6 + c) : (&~c) = tan.£(B + c) :tan£(B~c) ; 
(o + o): (c~a) = tanJ(c + A):tanKo~A). 
For, ■.•a:& = 8inA:sinB, [Thm. 1 

... ( + 6 ) . (o-6)=(sijiA + BmB) : (sinA-sinn) ; 

[Thm. prop' n 
and ■■• (sinA+siiiB)-.(sinA— siiiE) = tan^(A+B): tan^(A— b); 

[72 
.■.(«+&) :(a-B) = tani(A + B):tani(A-B). 
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But-. -the greater side of a triangle lie* opposite the greater 
angle, [geom. 

.■. when a>b, then also a>b, 
and (a + b) : (0-6) = tan£(A + B) :tan-}(A — b). 
So, when b > a, then also » > a, 
and (a + &) 

.-. («* + &) 
So, (6 + 0) 
and (c +a) 



:(5 -a) = tani(A + B):tani(B-A); 
: (a ~ 5) = tan£(A + b) : tan £(a ~ b) . 
: (6 ~ c ) = tan J (b + 0) : tan£(B ~ c) , 

: ( c —a) = tani(c + a) : tan-i-(c ~ a) . q 
Cor. In any plane triangle abc : 
107] tan£(A~B) = — ^j- ■ tani(A+ b) = ^~- cot£c ; 

- cot-J-A ; 



Tiur. 3. In any plane triangle abc : 

_ <?+a i -Ji > , 
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Tiki. 4. In any plana U-ianale abc : 



J<* 


-&>(«■ 


-o) 


V 




-■>) 


V 


-«•){■ 


-6) 


V 


a& 





wherein s stands for \ ( ft + 6 + °) i 01 " half tlie perimeter 



1 — COS A 


[63 


j (,<+=' -a" 


[Tlim. 3 


2!>c 


a'-tb-c)' 




2 bo 




•(a-S + o) (» + »-») 




2 6o 




4(1-1) (»-«). 




a&c 




|(,_S)(,_o) 




\ So 




#-^ ; 




|(,-a)(>-ft) 


Q.E.D. 



Tom. 5. Jn <mm; ptoie triangle abc : 
/s(s-a) 

110] C08*A = ^ &c i 

C0S^-B = -4j- — ~ i 

cos£c = -^ — — 
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For, v 2eos 2 -U = l + cosA 



[in. 

[64 

[Thru. 8 



_ (b + c+a)(b + c-a) 

26c 



\ be 



» -^ 



Tiim. G. 7«. any pla 

.11] tau-U^I 

tan£c =*| 
?or, tsin-?-A = sin 



and tan£- 

Note. Since no 



° = V 



triangle abc : 



»(»-&) ' 
-«)(»- 6) 



.(t-o) 

£a : COS-^A 

>)('-") . ) »(»-» ) 

6c ' M 6c 



.(t-o) 

-«)(«-■») , 
»(»-6) ' 

»-a)(.-t) 



[35 
[Thin. 4, 5 



e is greater than ISO", therefore no lialf- 
anglo is greater than 90", and the radicals of Thms. 4, 5, and 6 
are all positive. [I. Thm. 3 
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§ 2. SOLUTION OP EIGHT TEIASGLES. 
Problem 1. To solve a eight triangle: 

Let oap be any right triangle ; o, the base-angle 



, the right angle ; x, y, and r 
dicular and hypothemtse. 

Case 1. Given the kypothenuse 
angle, for example }* and o ; then : 



the base, parpen' 






a; = re08o, 


or =rsinp; 








j/ = reino, 


or =?-cosp, or .= 


etan o. 


[I. §7 


Case 2. Given a side and an acute angle 


for example 


■ »Jo; 


then : 


p = !)0 o -o 










r = x : cos o 


or = x : sin p ; 








j = a;taiio, 


or =)-sino, or 


- rcos1 '- 


[I. §7 


Case S. Given the hypolhenuse and a side 


for example 


?■ and a ; 


than : 


cos = X : J 

p = <J0° 


whence o is found 
-o; 








y = rsm 


o, or —rcosp, o 


= xtano, 

■)• 


[I. §7 




or = Vr 


^=.V(r + ») Cr- 


[lr"lr . 



Case 4. Given the two aide.? about the right awle-, then : 



= ft! : cos o, or 



= 3/: 



[I. § 7 

or = Vs?+j?. j>om. 

Note 1. To test the correctness of the work, various checks 
may be applied : 

(1) Compute the part by some other process. 

(2) Substitute the three computed parts in some one of the 
six equations which express (He definitions of the trigonometric 
functions [I. §7]; if this equal. ion is satisfied the parts are right. 
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functions [I. § 7] , or of the six equations which result therefrom 
[I. § 7, note] ; if this equation is satisfied the, parts are right. 

(3) Take the three given parts and one computed part, 
or two given parts ami two computed parts ; 
oi' one irivcii part and the three computed park, 
and substitute them in some one of the formulae of Thins. 1-G ; 
if this formula is satisfied, the work is correct, for the part or 
parts tested. 

"Note 2. When the solution involves angles near to 0", 00° 
or 180°, care must be used in the selection of formulae; for, of 
angles near 90°, those which differ very considerably have nearly 
the same sine, and cannot therefore be determined with precision 
from the table of wines, thus : 

the sines of all angles from 80° 50' to 90°, inclusive, differ from 
1 by less than .000005, and the sines of all angles from 80° 40' 
to 80" 42', inclusive, differ from . 99909 by less than .000005 ; 
but, of tangents, that of 89" is 57.2900; that of 89° 20'. is 
85.9898 ; that of 89° 40' is 171.885 ; that of 90° is infinity ; 
whereby it appears that the tangent:? of angles near 90° not only 
increase very fast, but that they also increase faster and faster. 

So, of angles near 0° and 1.80°, lite natural cosines change very 
slowly, and the natural cotangents very fast. 

Of angles near 0° and 180°, the logarithmic sines, tangcujs 
and cotangents change very fast, and at rapidly varying rates, 
and the logarithmic cosines very slowly. 

So, of angles near 90°, the logarithmic cosines, cotangents and 
tangents change very fast, and at, rapidly varying rates, and the 
logarithmic sines very slowly. 

To avoid these angles, use the following formulae : 

(1) If x be very small compared with r, and therefore o be 
nearly 90°, use: 

112] Bin&o^-^; 

113] coafo = J^; 
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114] b»*o«^ ? ^ = ? ^ 5 =»-^— 

For, ■.■ coso = " 

.■. 2sin 2 £o, =1— coso, =1 — - 

and 2eos a |o, = l+coso, =sl+- 



[I. §7 
= 1^5, [03 

= Ltf, [04 

Q. E. D. 



(2) If x be nearly equal to )■, and therefore o be nearly 0, 
ompute y, = V(j- + V) 0* — '■") , and use : 



115] B in£p 
116] cos^p 



-\"87 






(3) If w be very small as to >/, and therefore o he nearly 90°, 
. compute r. = \/.r + ?r, then use either of the formulae [UiJ- 
114] ; if y be very small as to x, use [115-117], 

*Note 3. If o be very small, then special tables may be used 
which give the angle in seconds, the logarithmic sine and tan- 
gent, and the logarithms of the ratios of the sine and tangent to 
the number of seconds in the angle. These ratios are nearly 
constant, and their differences are very nearly proportional to 
the differences of the convKi gliding angles. The formulae are : 
sin o y , 



118] 

110] and 



i seconds . - 



.i seconds . 



i) seconds" 



n seconds x 
So, if p be very small. 

These special tallies give the I'; Dictions and angles with more 
accuracy than the ordinary tables give functions and angles in 
any part of the quadrant. 
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A PLANE TRIGONOMETRY. 

§ 3. SOLUTION OF OBLIQUE TRIAHGLE8. 
PltOB. 2. To SOLVE AN OBLIQUE TRIANGLE. 




Fibst Method. By means of right triangles. 
Let abc be any oblique triangle ; and a, b, a the aides oppo- 
site the angles a, b, c, respectively. 

From c draw dc X ab, and let y stand for dc, a' for ad, x" for 
db, c' for Zacd, and c" for Zdcb. 

Case 1. Given tw'j a-itylax and a side; for example, a, c and 
b ; then ; 

b = 180 d -(a + c); [geom. 

In rt. A aci), b and Zcad are known, whence y and a;' 

In rt. A bcd, y and Zcbd are known, whence a and x" 
axe found ; 

c = z' + x". 
Note 1. The reader must carefully distinguish between the 
signs of the sides and angles of a triangle, when taken with refer- 
ence to the triangle it self, and when taken with reference only to 
some initial direction ; thus : 

The parts of the triangle bod, when taken with reference to the 
triangle bcd, are all positive ; 

but, with reference to ad, as initial direction, the line db is posi- 
tive or negative according as it is measured to the right or to 
the left from ii. 

So, with reference to ordinary positive rotation, the angle dcb is 
positive or negative according as cis swings to the right or to 
the left from CD as the reader looks a.t the diagram. 
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Note 2. x' and c' an: positive or negative, with reference to 
AB and to ordinary positive rotation, according aw a is acute or 
obtuse ; and x" and o" are positive or negative, according as n 
is acute or obtuse. 

If a + c = or > 180°, there is no triangle ; 
if A + c < ISO, there is always one triangle, and but one. 
The parts are determined iviLhnut ambiguity from the formulae. 

Case 2. Given two sides ami the included awjh ; for example, 
6, c and a ; then : 

In rt. A acd, b and Zcad are known, whence y, x' and 

c' are found ; 
x"=o — %' \ 
In rt. A bcd, y and x" are known, whence Z. enn and 

a" are found; 
c = o'+c". 
b = Zced or — 180° — cisd. 

Note, x' and c' are positive or negative, with reference to An 
and to ordinary positive rotation, according as a is acute or 
obtuse, 

and x" and c" are positive or negative, and n is acute or obtuse, 
according as c> or <x'. 
There is always one triangle and but oue ; 
the parts are determined without ambiguity from the formulae. 

Case 3. Given ike three sides; their: 

*.- a 1 = y" + x" i and b i = y i + x m , \c/eom. 

.-. (a + b)(a — b) = (x" + x', or c)[x" — %'), whence a" — a; 1 
is found, 
and x<=ic-i(x"-x l ), x"^ic + i(x"-x'). 

In rt. A acd, b and x' are known, whence Z cad is found ; 
In rt. A nco, a and x" are known, whence Z ci'.o is found ; 
O=180°-(a + b). 
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Note, a and b are acute or obtuse, i.e.. equal or supplemen- 
tary to cad and Cbd, according as x' and as" are respectively posi- 
tive or negative with reference to ae. 

There is no triangle if either .side equals or exceeds tlie sum of 
the other two ; otherwise, there is one triangle, and but one. 
The parts are determined without ambiguity from the formulae. 

Case i. Given two sides and an augl?. opposite one of them; 
for example, a, b and a. 

are known, whence y, x' and 



In rt. Aacd, b and Zc 
o' are found ; 

In rt. A bcd, a and y a: 
o" are found; 



.hu 



whence x", A cbd and 



= C r -f-c" : 
U~Z CBD 



X =180°- CBD, 

subtracted from, < 



Notes. There may he one triangle, two triangles, ■ 




(1) If a is acute and a < b, but a>y, there are two triangle.' 

(2) if a is acute and a < 6, but a = y, there is one triangle ; 

(3) if a is acute and a < b, but a < y, there is no triangle. 
(■1) If a is acute and a — b, there is one triangle ; 

(5) if a is acute and a > 6, there is one triangle. 

(6) If a is right or obtuse and a > b, there is one triangle ; 

(7) if a is right or obtuse and a = b, there is no triangle : 

(8) if a is right or obtuse and a < b, there is no triangle. 
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For ■„• c" is found from its cosine, = y : a, 

.-. when a<b, o" and x" may lie either positive or nega- 
tive ; andis = CDi> or =180°— cbd. [2 
But, when a— or >&, the negative values of is" and c" are in- 
admissible ; for, thou c, = x'+~x", and c, = c'+ - c", are botli 
or negative, which is absurd. 

Second Method. By mucins of the iji-neral properties. 
Case 1. Given two angles and a side; for example, a, e and 
c, then : 

c = 180 o -(a + b), [geom. 

o = _£_siiiA, 6„_^sinB. [104 

sin c sin c 

CliecJc: See formulae [120, 121]. 

Note. The formulae give one value, and but one, for each part. 

Case 2. Given two sides and, /.he included angle; for example, 

a, b and c ; then : 

tanJ(A~B) = 1 —^— cot^c, whence -J(a~b) is found, 
a+b p fl7 

y(a + b) + tV(a~b) = the greater of the two angles ; 

J( A -|- B ) _ i-( A ~ b) = the less of the two angles. 

c = -^-sinc. [104 

Chech: h: sine. = a : sin a, 

Note. The formulae give one vain; 1 , and bu1 one, for each part. 

Case 3. Given, the three sides: a. 6, c. 

Apply the formulae of Thins. 3-6. 

Chech: ,a + b + c= 180". 

Note 1. The formulae give one value, and but one, for each 
part. 

Note 2. Of these formulae, those of Thm. 3 arc only useful 
when the computation is by natural functions ; 
those of Thm. 4 use nine different logarithms, 
those of Thm. ~> use ten different logarithms, 
those of Thm. use only seven different logarithms, 
for the computation of all the angles. The formulae of Thm. 6 
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are therefore generally to be preferred ; they may he put in the 
form : 

...io.l^C-^MK-), 

wherein the second factor of the right member is the same, and 
may be computed but once, for all. It will appear later, Peob, 4, 
that this factor is the radius of the inscribed circle. 



Case 1. 


Given two sides and an 


angle opposite 


one 


of thevi).: 


for example 


i, a, b and a 


j. then ! 










re - !> sin \ 


whence b i 


s found. 




[104 




c = 180" - 


(A + B), 






[geom. 



c = - T iL-sinc. [104 

sin a 

■Check: See fonnnlae [120, 121]. 

Note 1. The formulae leave the parts in doubt; 
for the same value of sins belongs to two angles, which arc 
supplements of each other ; 

so that, in general, b may be [in acute or an obtuse angle : 
whence two values each for c and c, and two triangles. 
But this is limited by the conditions, that "the greater side of a 
triangle lies opposite the greater angle," ami that " a triangle 
can have hut osie obtuse angle, and no side or negative." 
If. then, a = or > b, b cannot be obtuse ; 
and if a is obtuse, r, is acute. 

Moreover, the shortest length possible foi-n is I lie perpendicular dc; 
for ■.■ 6shiA = aainB = DO, 

.-. if a < dc, then Bin b>1, which is impossible. 

Note 2. The same care must be taken in solving oblique tri- 
angles as in solving right triangles, to avoid, the use of angles 
near 0°, 90° or 180°, unless the special table mentioned under 
right triangles is used. 
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Tho following formulae arc useful; tliu reader may prove. 

B + & _ C03J(A~Ii) _ cosj (a~b) . 

c sin|c cos£(a + b) 

a~6 = Bi ni(A~B) = 8liii(A~B) ; 
c cos-Je sin -Jr (a +ii) ' 



120] 
121] 
122] 
■ 123] 
124] 
125] 



§ i. THE AEEA OF A TRIANGLE. 

PKOB. 3. TO FDfD THE AEEA OF A TRIANGLE, AND ' 

OF THE PEEPESDH'Jt'LAllS IT.OJI THE VERTICES TO Til 
SIDES : 

Let abc he any triangle, and let k stand 
for its area, and p„. p b , jj c , for the perpen- 
diculars on (!, ?;, c, respectively. 

Case 1. (m-oi two sides and the included 
angle; for example, b, c, and a. /\i J s 

(1) .For i/«i oi'ca, maUijibi ho.// the product / _„----"['---' 
o/ a»y two sides by the sine of the included 
angle. 

(2) For the perpevdiodor vpon. either given side, mnlliphj the 
adjacent side by the sine of the included angle. 

For, draw dc_Lab ; then, 

v k = J-dc . ab = fp.c ; [geom. 

= 6sinA; [I. § 7, note 




12(3] 
So, 



= £'/& sine. 
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Case 2. Given the angles and one side; for example, c: 

(1) For the area, multiply half lllb ^nare of any side by the 
sines of the adjacent angles, and diride the -product by the sine 
of Ike opposite angle. 

(2) For the perpeia.lici.da/; miriliphi the .fide by the sines of the 
adjacent angles, and diride the product, by the sine of the opposite 
angle. 

For, v ic = £5csii)A, £126 

and v & = ^5J*, C 1() 4 

amo 

127] ... I= t*dn*d" . 



So, 
128] 



Ursi 



Case 3. Giren the. three, .tides, a, b, c: 

(1) For the area, from half the. sum. of the sides subtract each 
side separately, multiply the con-ii/i'" ■*' <■■.■'■■"■ '"■■■■■' 'f these remainders 
by the half sum, and tahe the square r<>ot of the product. 

(2) For the perpendicular, divide twice the root above found 
by the side on v-hich the perpendicular falls. 

For, v K = |a6smo; [12G 

and v.Bino = 2sin£ccos$-o [GO 

- £ \ ub \ ab L ' 



123] .-. K = V«(t- o)(t-6)(j- c ), 
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Note. The reader nitiv prove the check- formula 

I 5. INSCRIBED, ESCRIBED AND CIRCUMSCRIBED CIRCLES, 

Ptiob. 4. To ]?ixd the radii of the circles inscribed in*, 
eschihed akd cii;i.,i"i[scKn;i'i> auout, axy tkiaxgle. 

(1) For the radian of the inscribed circle, divide the area by 
half the perimeter. 

(2) For the radius of an escribed circle, divide the area by 
half the perimeter, less the side hoyond v:hich the circle lies. 

(3) For the radius of the circumscribed circle, divide half of 
either side by the sine of the. opposite angle. 




For, let ABC be any triangle, and let r stand for the radios of 
the inscribed circle, and r', r", r"\ for the radii of the escribed 
circles whose centers are o', o", o'", respectively ; 
let it stand for the radius of the circumscribed circle ; then : 
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(1) •• 


K = ir(« + »+•) = "■ 


2] .■ 


._« I(» -■)(■- »)(•-«) 




, \ 


(2) ■. 


K_J-.-'(-« + 6+ C ) = r'(«-o), 




= S>"(«-» + 4 = >■"(» -5), 




= ir»'(» + »-») = •'"(«-=)! 



133] 



Ihe reader may prove the cheek-formulae 
131] 1=1 + 1 + -! 

135] rS = r.r'.r".r>'<. 

(3) About Aisc circumscribe a circle ami 
Iraw ca' a diameter ; join a'd, then 
and Z a'bc is a it. Z, [c/eom. 




§ 6. EXERCISES. 

Solve the ri'jli! iri'iwjh^ [kith hy use o.C natural functions and 
by use of logarithmic- functions], given : 

1. r = 36.3, o = 50°. 

2. a:=29.28, r = 37°12'. 

3. r^ 125, y = 105. 

4. a = 29.275, j=30.O7. 

5. 5 - = 37.fA y=.379. 
G. r= 1311, o = 89° 18'. 
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Solve the oblique 


triangles [both methods], 


7. a = 25.8, 


6 = 136, 


C = 08° 15'. 


8. a=M°, 


b = 95°, 


c= 13.89. 


0. a =137, 


6=64.9, 


o = 152.16. 


10. a =18, 


b = 20, 


a=55°24'. 


11. a =10, 


[i=20, 


a = 30°. 


12. a = 16, 


6 = 20, 


a = 86° 40'. 


13. a = 20, 


6 = 20, 


a = 47° 9'. 


14. a = 24, 


6 = 20, 


a = 37° 36'. 


15.: a. = 24, 


6 = 20, 


a = 120°. 


16. a = 20, 


£ = 20, 


a = 135°. 


17. a =16, 


6 = -20, 


a = 150°. 


18. a = 127, 


5=254, 


c=380. 


19. a =2000. 


6=1909, 


A = 91°. 


Find the areas of the triangles, and the 


three pur[jciKlk:ii]:ii 


3. PrtPtlP* 


given ; 


20. a =12.5, 


6 = 25, 


c = 36°. 


21. a = 37° 18', 


b = 92°18', 


c=39.5. 


22. «= 20.7, 


6 = 6.238, 


c = 34.21 




Find the radii of the inscribed, escribed and circumscribed 
circles, given : 

23. = 12.7, 6 = 22.8, c = 33.9. 

24. a = G4°19'8", b= 100°2'27", c = 51.25. 

25. a = 136, 6 = 95.2, c = ll°37'. 

26. In surveying, the btmrivij of ;i point is the angle which its 
direction makes with the north and south line through the point 
of observation ; its kdil'ide is its distance north or south, and its 
departure is its disunite east or west, from the datum-point. 

If a surveyor, starting from a, 
run n. 22° 37' e., 3.37 cbs. to b ; 
thence n. 80" 24' E-, 3.81 chs. to ; 
thence s. 41° 12' e., 5.29 chs. to d ; 
thence s. 62° 45' w., 6.22£clis. to e; 
find the latitude and departure respectively 
of b, c, i>, e, from a ; and find the hearing 
and distance of a from E. 
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27. Divide the livid above given into triangles mid trapezoids, 
by means of parallels of lai'.tiide (Vu<t and west lines) through 
the corners, and thence find its area. 

28. At 120 feet distance from the foot of a steeple standing 
on a plane, the angle of elevation of Use top is 00° 30' ; And the 
height. 

21). From the top of a rock 326 feet above the sea the angle 
of depression of a ship's hull U 24° ; find the distance of the ship, 

30. A ladder 29£ I'eet long standing in the street just reaches 
a window 24 feet high on one side of the street, and 21 feet high 
on the other side ; how wide is the street? 

31. What is the dip of the horizon from the top of a moun- 
tain 2$ miles high, the earth's mean radius being 3950 miles ? 

32. From the top of a mountain I. 1 , miles high, the dip of the 
horizon is 1°3G'.'>2" : find the earth's diameter. 

33. Given the earth's mean radius 3956 miles, and the angle 
which this radius subtends at the sun 8".81 ; find the distance of 
the earth from the s 

Fig. s. 




34-. What is the distance across a river, when tlic base ab 
= 475ffc., ^A = 90°, Zb = 57° 13' 20"? (Fig. 1.) 

35. What is tlic distance ci>? (Fig. 2.) Given: the base 
ab = 131£ yds., Z bad = 50", Z bag = 85° 15', Z dbc = 38° 43', 
Z DBA = 94° 13'. Prove the work by making two distinct com- 
putations from the data. 

36. What is the distance ab ? (Fig. 3.) Given : ca = 131 ft, 
5 in., bc = 109 ft. 3 in., and Z c = 98° 34'. Prove the work. 
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37. From the top of a hill I observe two milestones in the 
plain below, and in a straight line before me, and find their angles 
of depression 5° and 15° ; what is the height of the hill? 

38. Two observers on the same side of a balloon, and in the 
same vertical plane with it, are a mile apart, and find the angles 
of elevation 15° and 65° 30' respectively; what is its height? 

39. Two ships, lying half a mile apart, find the angles sub- 
tended by the other ship and a fort, respectively, 5(5° 19' and 
G3° 14'; And the distance of'eaeh ship from the fort. Prove the 
work, 

40. Bearings at sea are commonly reckoned in points and 
quarter -points, thus: 

The points from north to east are: n., n. by e., n.m.e., n.e, 
byu., n.e., n.e. bvE., e.n.e., e. byx., e. ; and the quarter -points 
are : n., n. £ i;., n. £ e., n. £ e., s. by e., n. by e. -\ e., n. by 

e. \ e., s. by e. | e., n.n.e. ; n.e. by n. -J ir., , n.e. ; n.e. i 

e, , e.n.e. ; e. by x. J n., , e. 

Name in like mannei' the points and quarter-points from x. to 
w. ; from s. to e. ; from s. to w. 

How many degrees in four points? in one point? in one 
qaarter-pomt ? 

How many degrees and minutes from x.x.e. to e. by x. ? to 
e. by s. ? to s. by e. ? to s. by e. § e. ? 

41. A privateer lies 10 miles s.w. of a harbor, and observes 
a merchantman leave it in the direction e. by s., at the rate 
of 9 miles an hour ; in what diiection, and at what rate, must the 
privateer sail in order to overtake the merchantman in 1£ hours? 

42. From a vessel two headlands were observed: the first 
bore x.x.w., and the second x.i;. by e. ; then, sailing 1'2 miles 
e.n.e. > the first bore n.w. and the second n.e. Find the bearing 
and distance of one headland from the other. 

43. Find the ratio of the areas of two regular decagons, the 
one inscribed in, and the other circumscribed about, a circle. 

44. Find the angle at which the side of a pyramid is inclined 
to the base, the sides being equilateral triangles and the base a 
square ; thenee find the diedral angle of a regular octaedron. 
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45. Find the diedml angle of an edge, the perpendicular from 
the vortex to the base, and the distance apart of two opposite 
edges, of a regular ietraedron whose edge is unity. 

46. If abc be any plane triangle, express sinA, cosa, tanA, 
and cos A + cose cose, in terms of the functions of is and c. 

47. In any plane triangle abc, prove that 

acosB + &cosA = c ; 

= asinB sine =b sine sin a =c sin a sins. [Ex. 46 

*48. From the known relations of the parts of a right triangle 

oaf, o+p = 90", t a = a?+j^ ) a; = rcoso, y = rsmo, prove that 

dp = — do, dr = - dx + -■_ dy — coso . die + sino . dy, 
dx — coso. dr — r sino. do, dy = eiao.dr + j'coso.tfo, 

and, by eliminating dr from the last, two equations, that 

sino , coso , — ydx+xdy 
do~ — — — ■ ■ ax -\ ■ «v = — '—»-. — s — -i 

wherein dx, dy, dr, do, dp stand for total differentials of a.-, y. 
r, o, p; i.e., for any simultaneous infinitesimal changes in the 
quantities x, y, r, o, p, that arc consistent with the known rela- 
tions of the parts of a right triangle. 

*'±9. If, in a right triangle, only the values of x and y be 
given, and if these h:i i-o the possible errors ± x' and ± y' respec- 
tively ; i.e., if x may possibly differ from its assumed value by 
either +sc' or —a:', and y by either -(-*/' or —y\ these signs 
not being necessarily alike ; .show from T.\. ds that the resulting 
values of ?■ and o will have the possible errors 

± XX '+VV\ = ± (ar 1 cos o + ?/' sino), 

and ± Jg! ± xy ', = ±-{x' sin o + y' cos o) ; 

wherein x' and y' are positive. 

So, if only x and )■ be given, with the possible errors ± x' and 
±r', find the possible errors of the other sides and angles. 

So, if only x and o be given, or only r and o, with the pos- 
sible errors ±x' and ±o', or ±r' and ±o'. 
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*50. From the known relations of the parts of ail oblique 

triangle abc, a + b+c = 180°, a sin i! = ft sin a, , prove that 

a] dA + dB + dc = 0. 

b'} &coha.(2a— acosv.dB — sine .da + sin a. db = 0, 

c cos B.cfo — & cose . cfc — sine, db -fsinn. dc = 0, 
acosc.de — coos a. d\ — s'mA.dc + sine, da = 0. 

From these, by elimination and reduction [104, Ex. 46], derive 

c] b.dc + c cos a . dn — sin a . dc + sin c . da — 0, 
c.du + & cosa.iJc — sinA.cifc + sinB.da = 0, 

with four similar equations, which may be written from symmetry ; 

d] &sinc.dA — da -\- cose, db -+- cosB.<fc = 0, [Ex. 47 
with two similar equations, which may be written from symmetry. 

•51. If in an oblique triangle only sidy a and angles b, c be 
given, and if their possible errors be ± — — — ~ , ±10", and ±15", 
respectively, find the possible errors of a [Ex. 50, a] ; of b 
[Ex. 50, c]; of c [Ex. 50, e]. 

Find the values of these possible errors when abc is very 
nearly equilateral, ;')<)()!) feet on each side. 

*52. Given the values of c, a, &, with the respective possible 
errors ± c F , ±a\ ± &', deduce the possible errors of b and a 
[Ex. 50, c] j of c [Ex. 50, d]. 

•53. Given a, a, b, with possible errors ± a', ±h', ±b'. 
deduce the possible errors of b [Ex. 50, 6] ; of c and c. 

•54. Given a, b, b, with possible errors ± a', ± b', ± b', iind 
the possible errors of c, a and c ; first, when, as in all the above 
cases, the computation is assumed to be exact; and secondly, 
when c, a, a are liable to the further possible errors ±c", ±a", 
±c" from omitted decimal-figures, etc., in the computation. 

*55. Given a, 6, c, with possible errors ±a\ ±b\ ±c', find the 
possible error of a ; the possible error of computation being a". 

Note. If ±a', ± &', ± o', ± a" denoted :; probable errors," 
the probable error of a would be 

±~y[(a" s + &" 2 eos J c +c" 2 cos ! b): 6 ! sin J c + A" s ]. 
In the same way, Ex. 49, 51-54 arc adapted to probable errors. 
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IV. SOLUTION OF SPHERICAL TRIANGLES. 
§ 1. GEOMETRICAL PRINCIPLES. 

If about the vertex of a tricdral angle as center a sphere be 
described, the traces [intersections] of the three faces of the 
tricdral upon the surface eftlie sphere, are arcs of great circles, 
and together they constitute a fpherici'l triuri't'c, whoso sides 
measure the face-angies, and whose angles measure the diedral 
angles, of the tricdral. Spherical Trigonometry is therefore 
the trigonometry of the tricdral and it treats of the numerical 
relations of the sis parts of the tricdral, viz. : the three face- 
angles and the three diedrals. 

As the three faces of the tricdral, when produced, are in- 
definite planes, and divide all space into eight solid angles, so 
the sides of the spherical triangle, when produced, are great 
circles, and divide the surface of the sphere into eight triangles. 
Of these eight; triangles, any two that are diametrically opposite 
are symmetrical, and any two not opposite have one side and its 
opposite angle the same in each, while the remaining sides and 
angles of the one are supplementary to the corresponding sides 
and angles of the other. 

In this treatise only those triangles are considered whose parts 
arc positive and each less than 180°; but in Astronomy the 
general sph.eri.cal. triariale is used, which is free from this restric- 
tion. 3 n the restricted triangle above named the following 
principles hold true ; they are proved in Geometry, and grouped 
together here for the convenience of the reader : 

The sum of the three sides lies between 0° and 360°. 

The sum of the three angles lies between 180° and 540". 

Each side is less than tile sum of ;.be oilier two. 
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Each angle is grader than the difference between 180° and the 
sum of ike other two. 

Of any two unequal sides, the greater Ires opposite the greater 
angle ; and conversely. 

Each side or angle is the supplement of the corresponding 
angle or side of the polar triangle. 

If two sides of a triangle arc equal, so also are the opposite 
angles; and conversely. 

The perpendicular from the vertex of an isosceles triangle to 
the base bisects both the vertical angle and the base, 

Equilateral triangles, in general, are not similar. 

A spherical triangle is, in general, determined when any three 
of its six parts are known. 

The area is to the hemisphere as the excess of the sum of the 
angles over 180° is to 360°. 

The following principles, proved later, arc added : 

In a right spherical triangle : An oblique angle and its opposite 
side are of the same species [both less than 00°, both greater 
than 90°, or both equal to 90°] . [Thm. 1 Cor. 1 

If the liypotheuuse is less than 90°, the other two skies are of 
the same species, and so are the two oblique angles ; but if the 
hypOthenuse is greater than 90° they are of different species, and 
so are the two oblique angles. [Thm. 1 Cor. 2 

If the liypotheuuse equals 90°. another side and its opposite 
angle are each equal to 90° ; and if another side or its opposite 
angle equals 90°, the liypotheuuse equals 90°. [Thm. 1 Cor. 3 

No side is nearer to 90° than its opposite angle. [Thm. 1 Cor. 4 
. In any spherical triangle: A side that differs from 90° not 
less than another side is of the same species as its. opposite 
angle. [Thm. 3 Cor. 

An angle that differs from 90° not less than another angle is 
of the same species as its opposite side. [Thin. 4 Cor. 1 

Tliere are at least two sides which are of the same species as 
their opposite angles. [Thm. 4 Cor. '2 

The half-sum of any two sides and the hali.'-sum of their oppo- 
site angles are of the same species. [Thm. 12 Cor, 
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§2. STAPIEE'S HULKS VOTl Til'. 1:1 IUG1IT TEIANGLK 

TuiiOitEM 1. J« tt rif/i( spherical triangle, if the light angle 
be ignored, and if, of the five vemuining pail*, the tv;o sides be 
taken, and for the hirpotheiui.se and the tiro oblique angles their 
complements be s'ibstiin.led, then the sine of any one of the five 
parts (called the middle part) equals; 

(1) The product of the cosines of the tic-o opposite parts; 

(2) The product of the tangents of the two adjacent parts. 

a'_ /T\ /~~\ a [The figure shows four 

i*\~~/~~~z=3£*J^ T A right spherical triangles : 

\/ \ / ' \i^ /V Pi ? and r aJl<90°; 

[| / \wf\ : f'' : fi\ <\ Jj' mi(lf/>!)a% r<'J0 o ; 

\K / / fB^\ "■! /' ' 1 '"'~ !,t '° ! f/ " ' uul '" r> ; ' ( -*° ; 

! \js ^~~~~~~ — t^Ll'^J -^f^ \. | £>' and j-'>90°, 5 r "<90°. 
B ' J ^ The demonstration applies 

to all alike] 
Let pqr be any spherical triangle, wherein n is a right angle ; 
p and q oblique angles, either acute or obtuse ; r the hypothe- 
nuse ; p and q sides opposite r and Q respectively ; then will: 
151] snip — sinr sinp and =tang , cotQ; 

152] sin 5 = sin )■ sin q and — tanjjcotp; 

133] cosr =eospcosg and =cotp cotQ; 

134] cosp = cosji sIuq and = tang cot »■; 

135] cosq = cost? shir and — tanp eotr. 

For, join the vertices p, q, r to O, the center of the sphere, 
and through either oblique angle, as p, draw pa and fu. J_ op, 
and meeting ok and oq in a and b ; 

then also is ab_1_oa and pa, [geom. 

and A opa, opb, oab and pab are right-angled at p, p, a and a. 
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SOLUTION OF SPHERICAL Tli I ANGLES. 



But arcs j), q ami r measure zJaois, toa and i 
and s — Z. apb ; 



31E_p = — , COW/I = 



-, tanp = ~ ; 

■B OA 

— , tang = — ; 



w = — , cos r 



[I. §7 



OB OB PB 

n 2, = — , =' — = tanpeotp ; 



OA 



is 



- coup COS (/ 
= tan q cot r. 



OP OA OP 

cosr, = — , s= — • — = 

OB OB OA 

eosp,=Si, = Si. 

PB OP PB 

either oblique angle may be p and the other q, 
. sin? = ain)'sinQ; 
sinp = tang cotQ ; 





cosq = tanp cot)*. 


Q. E. D 


And, 


■ cotp = —3. and cotQ = — — , 
tanp tang- 


[abov 




. eotp cofco, = EE£-!^g I = cosj> cosg ; 
tan p tan q 


[3 


but 


cosr = cospeosq, 


[abov 



iS ;■ = cotp COtQ. 

isp = tang cot r, cosm = - 
c 

>SP = COS J) sill Q. 

isq = cos gain p. 






Cor. 1. In a right splierical trunvjU.. an nblique. angle and its 
opposite side are of the same species [both less than 90°, both 
greater than 90°, or both equal to 90"]. 
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72 SPHEKICAL TBIGONOMETBY. [TV. 

For, ■.• cosp = eospsiuQ, [154 

and ■.■ siuQ is not 0, and is always positive. [S 1, 1. Thm. 3 

.'. cosp and cos p arc both positive-, or Loth negative, or 

both zero ; 
.'. p aadp are both < 90°, or both > 90°, or both = 90°, 

So, q and q are q.e.d. 

Cor. 2. In a right spherical triangle, if the hypotheimse is 
less than 90°, the other two sides are of the name species, and so 
are the two oblique angles; bet, >f the hfqi'Ahenuse is greater than 
90°, they are of different species, and so are the two oblique angles. 
For, v all parts of a trmiigie arc positive ami all less than 180", 
and v cos»-=cos_peoso;, and =cotpcotQ, [153 

.■. if cosr is positive, then cosp and cos q aie both posi- 
tive or both negative ; and so are eoti' ;iud cotQ : 
i.e., if r<90°, p and q are both<90°, or hoth>90°, and so 

are P and Q ; Q. n. n. [I. Thm. 3 

but, if cosr is negative, thou cosp and cos q are one positive 

and the other negative; and so are cotp and cot©,; 

i.e., if r > 90°, p and q are one of them<90° and the other 

> 90", and so are r and q. q. e. n. [I. Thm. 3 

Con. 3. In a rigid spherical triangle, if the hypothenuse equals 
30°, another side ami its appetite angle arc (dso each equal to 90°; 
and conversely, if another aide or its opposite angle equals 90°, 
the hnpoi/iciwse equals 90°. 

For, ifcos»"=0, then eosp cos</=0, and cotpcotQ=0, [153 

.-. p org =90°, and p or Q =90°, [I. Thm. 14 

i.e., -whichever of the sides and angles p, q, p or q = 90", the 



opposite allele or side = 90". 


q.e.d. [Cor. 1 


So, ifporr — 90°, then cosp = 


or eotp = 0, 


.'. cosr = 0, and r = 90°. 


[153 


So, if gor<j = 90°, r=90°. 


Q. B. T). 


Cor. 4. In a right spherical triangle, n 


■> side is nearer to 90° 


than its opposite angle. 




For, if y~9C°<p~90 a , 




then sing, =tanpcotp, =tanp : tanp, 


>1; which is absurd. 
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SOLUTION 01:' SRIi^RHJAL 1TJ AWGLLW. 



§ 3. GENERAL PROPERTIES OF SPHERICAL TRIANGLES. 

Thm. 2. In any spherical trianyk the nines of Che sides are 
proportional to the nines of the. opposite angles. 




Let Aiic be any soherieal triangle ; then will : 
156] B 



For, draw cd, =jj, Xab ; then 




sinp = ainaainB, and 


siiip = sin&smA, [151 


.-. sin«sinB = sin&sinA. 




.-. sina: sin6 = sinA: sinB 


[Thm. prop'n 


So, Sin 5 : sin c = sins: sine 




and Bine : sina = sine: sin a. 


Q. E. T). 


Note. This theorem may be stated more symmetrically thus : 


sina: sin b: sine — sin a: 


sins: sine; 


or thus : 




sin a_ sin b _ sine 




shiA sinB sine 




Con. In any iipi/ericul triangle 


lbo: 





in fc sin a sin c sin a 


sinB sin a s 


h: aina 




shin sine 


shift 


sine 


An ft = 


inc siin'._si]i«smr. . 


. sine sin & si 


iiAsinfi 


sine 


sina 


,ine - 


inn sin c_ sin 6 sine, 




i b sin c 
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74 



ai'i inn i.ca i . tiugomjui-xuy. 



Thm. 3. In any .iphc.i'kal injiniyle aec : 
157] cos a — cosfc cos c + sin b sine cos a, 
eos6 = cosccosffl + siiicsmaeosu, 
cos c ~ cos a cos 6 + sin a sin b cose. 




[The figure shows rum' oblique sp-hoi'ical triangles : 
arc, «, 6 and a all < 90°; ab'c, a' and c'>90°, &<90°; 

a'bc, ct<90°, 6' and c">90°; a'b'c, «' and &'>90°, c'"<90°, 
The demonstration ajipties to all alike] 

For, join the vertices abc to o, the center of the sphere, and 
through a draw ae and af, J_ oa, and meeting ob and oc in 
e and f ; then A oae and oaf are right-angled at a. 
But arcs a, b and o measure A eof, aof and aoe, 
and a = Z. eaf ; then : [geom. 





2oe. 


OP 












OA? 


■■- :u: : 


, . 


-.111(1 


OF a 


= OA j 


■ + af^; 


OA 1 


+ AE 1 


' + • 


Z>A 3 + AF 2 


_EF : 










1 oe . or 








OE 


.or 


AE 5 


+ AF 

2oe. 


.OP 


EF 3 






OF 


OA , AF 

OF, OF 


AE 
OE 


AE' 


! -f-AF*- 
2 AE . AF 


EF 3 


ae' 


'+AF 


!.... 


i : v- 











[geom. 



[10* 
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g 3.] SOLUTION 01:' SPHili: I.C A r. 

. ■ . 008 a = cos b cos c + sin b si 
So, 
and 



75 
[I. §7 



= cosacosft-[-smasinftcosc. Q- e.d. 

Cok. In any spherical trkoigle, a side that dijj\- es from 90° not 
is than another side, is of the name, species as its opposite angle. 
cos a — cos ft eo* e 



For,-. 

and •. 
But 



smosmc 
the product shift sine is always positive, [I. T 
cosa lias the same sign as (cosa — cosft coae). 
if a differs from 90° not loss than b or c, 
cosa is as large [great numerically] as cost or coi 
if cosa = 0, then cosft or cose = ; 
cos b and cos fi are, both smaller [less nmi) 
cosa. is larger Ui.au eosftoosc ; 
cosa gives sign to (cosa — cos ft cose) ; 



[157 
a. 3 



s ihc /■ 



if cost* = 0, then cosa = 0; 

botli are positive, or botli negative, or both z 

a and a, both < 90°, or both > 90°, or both =91 



Thm. 4. /it any spherical tr 
angle abc : 
158] cosa = — cos ii cose 

+ sinu sine cosa, 
eosB = — cbsc cosa 

-j-sinc sinACOsft, 
eosc = — cosa cose 
-{-sin a Bins eosc. 
For, let the triangle a'b'o' I 
polar to abc ; 
then 
and 



cally] thanl, 
[: 1.1.10 ve 




a'=*— 


A 


ft' 


= 7T— B, C.' = TV~ 


c, and a 


=ff~ 


a 


[geom. 


cosa'= 


COS ft' 


cosc'4- sin ft' sin 


j'cosa', 






[157 


— COSA = 


c- 


-cose)(— cosc) + s 


on siuc(- 


-cos 


) 


[10,11 


COS A = 


- 


cos 


b cose + sinB s 


nccosa. 








COSB = 


- 


cos 


ceosA + sincs 


nAcosft, 








cose = 


- 


COS 


A COSB -j-sillAS 


he cose. 






Q.E. D. 
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31'lir.UlCAL 'i'IiUiO_V()JI.i;TRV. 



COK. 1. 

'JO 3 no!. La- 



in any spherical irianijU, an awjla that differs from 
i iha,n anotlier angle, i.s of Ilia mmc species as its oppo- 



For, v 
and ■.' 

But 

then 
and 



•*A.±. C - 



[158 



[I. Thm. 3 
wo). 



[:").! to VC 



Cor. 

v.: hick a 
Thisi 
Thm. 

15D] 



the product sin i; sine is always positive. 

cos« has the ssimo sign as (cosa + COSB C 

if a differs from 'M' J not less tliaii B or c, 

cosa is at least as large as eosis or cose, 

ifeosA = 0, then cos is or cosc = 0; 

cosu and eosc are both smaller than 1, 

cosa is larger than cos is eosc ; 

cosa gives sign to (cosa + cose cose) ; 

cosffl has the same sign as uosa, 

if cosa = then cos« = ; 

both are positive, or both negative, or both zero ; 

a and a are both < 90°, or both > 90°, or both = 90°. 

q.e.d. [I. Thms.3,14 
'.. In any spherical (rknujie there are at least two sides 
a of the same species as their opposite angles. 
; a direct consequence of Thm. 3 Cor. and Tinn. 4 Cor. 1. 
5. In any spherical triangle abc : 



[63 



|sin( 


s-b)sin(s-c) 


-\l 


sin & sine 


jemi 


s — c) sin(s — a) 


\ 


sine sin a 


J 8 ™ 1 


!-a)»in(»-S) 


\| 


sin a sin b 


= 1— co 


A 




a- cos 6 cose 




sin 6 sine 


cos b <:. 


se + sinftsine — co 




sin b sin c 


COS ( b 


— c) — cosa 



[137 



:« 
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SOLUTION OF SPHERICAL TRIANGLES, 77 

_ -2BinK&-6 + ")8i"*(6-c-a) [71 

__ 2 sin L (». — & + c ) sin L («■ + & — e) r, 

sia&sinc L 

2siii(s — Z>)sJn(s — c ) 
83 sin&sinc ' 

_ J sin (a — b) sin (s — e) 
9in- a —^ sin & sine 

. , _ I Bin (.-.pain (.-a) 
si"y e -y Binosma ' 

_ ) Bln(»-.).m(»->) . „.,.„. 



Thm. 6. 7ft (tijj/ spft.prici.il tri.arttjh aisc : 

, „ A -, , Isin s sin (s — a) 

160] oosii -^^ijV^. 

. (sin s sin (« — 61 

C0S * B "\ .taeina ' 



u (t sine 



[.-i(a+6+c) 
[64 
[157 



_cosa — cos (6 + o) 

_ — 2sinj-(a + & + c)si"K g — & ~ e ) 
ein&sinc 



2sinssm(s-«) 
~~ sin & sine 
l »in, 8 ln(«-<.) 
J A =\ SFsSe 



[71 
[1 
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18 SPHERICAL TRIGONOMETRY. [TV, 

bo, cosJb = ^ BincBill „ ' 

and cos-Vc = -*j — 7 — . . — • Q- ! -- "■ 

Thm. 7. Jh any spherical triangle ABC; 

161] t.n^A=,.l 3 '°<*-'') , '°(«- c ) , 

\ sins sin (a — a) 

The reader may prove the theorem by dividing the value of 
sin -J- A by that of cos^a [Thins. 5, 6]; and so for tan^n and 

UuuVc. 

Tint. 8. In avy spherical tr!:iMijh aisc : 
|— coss cos (s — a) 



, l -cossoos(s-o) rs-ifA-u^a.o'i 

sinic = i>> • ■ L s — 's\ A + B + c ) 

For, let the triangle a'b'c' he polar to arc : 
then-.- a' = 7r — a. b' = ir — B, c' = ?r — C, 1 

A'=!T— a, B=X — 0, C'=7T — c, ) 

nnd ■• pnaiA'-^/- 9 '— — n - S " a '-- riGO 

and . cos.a-^ eill </ s ; nc r L 

| sm(.^ t '+^'+4c') S in(~.^ ( '+^ 5' +io') 
■■■"■«— 'O-V- 1 BinC-r-BjBinK-c) ' 



1.-^ 



■■COS 8 COS (S — A) 



[5,16, 4, 10 
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and 



SOLUTION OF SPHERICAL TRIANGLES. 
-cosseos(s — b) 

"(»-o) 



6 =\j- 



-\- 

The reader may also prove the theorem directly from 
formulae of Thm. 4 : 

cosa = — cosBeosc + siiiB sine costs 
in the same maimer as Thm. 5 was proved from the formula* 
Thm. 3. 

Thm. 9. In any spheriv.d triawf.e aiic : 
fcos (s — b"i cos (a — c) 



lee 
103] cosi. a = A (- 



leos (s — a) cos (s — b) 



The reader may prove the theorem directly from the formulae 
in Thm. 4, or prove it by aid of the polar triangle in the same 
manner as Thm. 8 was proved. 

Thm. 10. In unu *p!wrical triangle abc : 



1G4] to| 



a \ COS (i 

1 \CI 



cosseos(s — a) 



) cos(s— c)' 
■ coss cos(s — b) 
<:os(a — i:)i:os (s — a) ' 
— cos-; cos (s — c) 



[s = i(A + n + c) 

The reader may prove the theorem by dividing the value of 
sin^ffi by that of cos£a [Thms. 8, 9] ; and so for tan|& and 
tan \ c. 

Note. The radicals in [159-161] are all positive; for they 

are the sines, cosines and tangents of angles J a, Ja, , 

which are all in the first quadrant. 



,Google 



SPIII-'.RK'.U, TKlGOXOMl/i'lLY. 



Thm. 11. In any spherical rdaviale abc 
1 05] sin in + is) = C ° 9 ^ ffl ~ i) C0S ^° 

1GG] sin Ka-is) = ~ n ..^ f - ( ~-^ cosi-C 
1G7] cos|(a + b) = g ° S '' <a + b) aia $c 

1 G8] cos-Ma ~ b) = 51£±(5_±A) sin | c . 
For, •■• sin J(a ± b) = sin(|A ± |b) 

= sin-|-Aeosi-B ± cosjAsin-in 
_sin{s— £>) i sin s sin(s— c) sin(s— a) |sinssin(s— c) 



a) |sinssin(s— c 
"Y sin « sin & 



Sine 

12 wis) -.V r: <.:Orf -?,- (cf, — it) 
— ~r "■ -i — ^i cc 
2siu|-ccoa^-c 
2 cos -? r c sin|(a — &) 
2sin-A-<;cos-J-C 



■»;("-'') 



casic, 



;niil 



sin Ka - b) = Bm B ^°7 ~ C09 * c ' 

^ sin-iV 



So, •■■ cos J (a ± b) = cos -J a cos -A- R q; sin ?^a siti-Vk 
_«m» | »in(»-<.) ,in(.-t) ^ sin (.-c) | .in (»-o) 
sinc\ sinaeino 

_ ems T sin (s-c) 



[159, 1G0 

[160 

[68, 60 

[69, 60 



[41, 42 



2sin J-ecos-J-c 
2pinj(>t + 6)co8^c 



2sm^ccos-^c 
cos^(a+b) . 



[159 
[G9, GO 
[68, 60 
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§■■).] SOLUTION OF SPHERICAL TRIANGLES. 81 

These four formulae, with I lie like formulae found when the other 
sides and angles are employed. i.i.ro called .Ddambre's Formulae. 



Thm. 


12. In any spherieal triangle aiic : 


169] 


tan > (A + b) - ^^"7^ cot^c i 






170] 


sin &(a~*b) . . „ 


171] 


t ,„i (■> + »)*< 'W« 



172] mi»-»- i"s:, > {'■ 

sin tk A + B J 
The reader may prove the theorem by dividing the formulae 
of Thm. 11 one by another, viz. : 

[165] by [107] ; [166] by [108] ; 

[168] by [107] ; [100] by [105]. 

These four formulae, with the like formulae found when the 
other sides and imylis uro employed, m re railed AV 'pier's Analogies, 
Cor. In any spherical triarnjU the sum of any two sides is 
less titan, equal to, or greater than, 180°, ar.eordui.ij an the sum of 
the opposite angles is less than, equal to. or greater than, 180°. 
For, v taiU C« + b) cob£(a + b) = tan-J-c cos£ (a ~ is) , [171 
and v ic and £ (a ~- b) are both leas than £IO°,and£cianotO, 
whence the product tan-Jo cos . : , (a — r.) is positive, and not ; 
.■. the product tan£(a -f- b) cos£(a + a) is positive, not 0, 
.'. tan J (a + b) and com-} (a + jj) are both positive or both 

negative, or one is cc and the other : 

.'. J(a + 6) and £(a + b) are both<!)0% both = 00°, or 

both > 90" ; [I. Thm. 3 

.'. (a+b) and (a + b) are both< 180°, both = 180°, or 

both>180°. q.e.d. 

Note. Thm. 1 Cor. 1, and the Cors. to Thins. 3, 4 and 12 

are summarized as follows : 

The half-sum of any two sides and the hall-sum of their 
opposite angles arc of the same species ; and so arc either side 
and its opposite angle, unless the side be nearer to 'M° than any 
other side, and the angle be nearer to 90° than any other angle. 
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§ 4. SOLUTION OF EIGHT TEIANGLBS. 

PtlOB. 1. To SOLVE A RIGHT SPHERICAL TKIANGLB. 

Let pqe be, any sphericni trkuigle right-milled at it ; then the 
formulae of Thm. 1 (Napier's rule*) apply directly, and with 
the right angle and any other two parts given, the 
remaining' parts can Lie found. The computer will 
form equations containing three party, two known 
and one unknown, and then solve these equations 
for the unknown part. He will observe that : 
If the three parts are contiguous to each other, 

that which lies between the other two is the middle 
part, and the others are adjacent parts ; 
but if two pails lie together and the other apart 
from them, then 
that which lies apart from the other two is the middle part, and 
the others arc opposite parts. 

The following rule will solve all cases : 

Take each of the two given parts in turn for middle part, and 
apply that one of Napier's rides which brings in the other given 
part. 

Take the remaining part fir -middle ■purl, and, apply that one 
of Napier's rules v.-hich brings in b->lh -if the par's just found. 

For a check male the part last, found the. middle part, and 
apply tliat one of Napier's rules which brings in both the given 
parts. 

The whole work requires but nine loga rill mis, or seven without 
the check, since, two of the logarithmic fiiiietions are used twice 
over. The check is to be a.pplied to the sine of the part last 
found. If the two values got for this sine, natural or logar- 
ithmic, differ by not more than three units in the last decimal 
place, the work is probably right, since lite deieets of the tables 
permit this discrepancy in the two results. If such discrepancy 
exist the mean of the two values may be used. 
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H] SOLUTION OP SVHLiLlLCAl. TIM A N'GLES. b'i 

Case 1. Given p and (j. f/ie (wo sitter «icra( (Ac Wt/Ai cm</fe, 

sin<j = tan j? cotp, .'. eotp= cotjj sin g ; 

smji = tang cot q, .'. uot<j = ship cot 3 ; 

cos r =; cotp cot q; cAec7e cos)-= cospcosg. 

Note. One tvimigie is always possible, and but one ; the parts 

5, panel Q arc determined without ambiguity by the formulae. 

Case 2: Given the Juipothonu.se. and one. side, lor example p, 
then : 

toss j' ■-- cos j) cos q. .'. cost/ — seep eosi*; ■ 
ship = sin r sin p, .'. sin p = ship esc?-; 
eos Q = cos q sin p ; c/ieek cos q = tanp cotr. 
Note. A triangle is possible only when r is nearer to !)0° 
than p is, or when r and _p are both 90° ; 
for then only can 

cosr , tanp 

cos q, = , <1 ; or cosq, =- , < 1. 

J cosp tanr 

The formula would give two values to p, an acute angle and 

an obtuse one, supplementary to each other; 

but, since j) and r are l)oth of the same species, [Thro. 1 Cor. 1 

only one value of p is admissible. The parts q, p and Q are 

therefore determined without ambiguity by the formulae, unless 

p and rare both 90°, when cosq and cost/ become indeterminate. 

and q = Q and p = 90°. 

Case 3. Given an oblique any'le and the. adjucent side, for 

example P and q, then : 

sin q — tanp cotp, .'. tanp = sin q tanp ; 

eos p = tan q cot r, .'. cotr = cott/cosp; 

cosQ = tanpcot-j-; check cosq — cosj ship. 

Note. One triangle is always possible, and but one ; the parts 

p, r and q are determined without ambiguity by the formulae. 

Case 4. Given an oblique, angle and the. opposite side, for 

example p and p, then : 

ship = sin r sin p, .". shir = ship escr; 

cosp = cospsinQ, .'. sin q = seep cos p; 

sin# = sin r shift; check s'mq = tan/; cotp. 
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not of the sa: 


.nc ssjccu 


ss, no tri 


umle is 






[Thm. ■ 


1 Cor. 1 


)° than p. 




[Thm. 


[ Cor. 4 



84 SPHERICAL TRIGONOMETRY. [IV. 

Note. If p and r a 

(x^siblo, 

nor if p is nearer 00° than p 

If p and P arc equal, but not SO 3 , 
then sing, sins-, and sinQ, all, = 1 ; 

.-. q, r, and Q, all, = 00°, [I. Thin. 14 

and the triangle is biquadrantal. 

If p and p are both 90° , 
then r is also 00°, and the triangle is biquadrantal, [geom. 

and q and q are indeterminate. 

If p is nearer' 90° than p, 
then two triangles arc always po^iblc, 
for *.■ q, r and q am all determined from their sines, 
and '.- to every sine correspond two angles, supplements of 
each other, [10 

,'. q, r and q may each have two values ; 
but, v q and q are of the same species, [Thin. 1 Cor. 1 

.■. if r is less than 90°, q and q are of the same species 
with p and i>, and there is but one value for eaeli of 
them. [Thm.l Gov. 2 

So, if '/■ is greater than 90°, q and q are of the opposite spe- 
■ cies to p and p, and there is but one value for each 
/ of them ; 
.■. two triangles, and bat two, are formed with the given 
data, viz. : 
(1) that -wherein r<90°, and q and Q are of the same species 
with p and p. 

p pr (2) that wherein r > 90°, 

f ~f ~j and q and q are of the op- 

Vv r ,-'•' tfsi posite species to j) and p. 

\ ^ -^ J This ambiguity appears 

>a ip/ %/ directly from the figure. 

^C__^ ^^s^ For; let pqk be a splievi- 

eal triangle right-angled at 
k ; produce this :uv-s pq and pii to meet at p' ; then : 
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Afkq and p'kq are both right angles, [liypolh. 

two right triangles exist, pqu and p'qr, which have the 
same two parts given, p and p, and the remaining 
parts of the one triangle supplementary to those of 

liie oilier. 



Case a. Gire.A. the k'/potheiu 


t.-se and oiu 


ample p, then : 




cosp = tan q cot r, 


'. tan<? = 


coar = eotpcotQ, 


1 . cot Q = 



ship = tan 5 cot o. ; cAw/V ship — sin r sinp. 

Note. One triangle is always possible, and hut one. The 
part p is of the same species witli p, and so can have but one of 
two possible values ; the parts q and q arc determined without 
ambiguity by the formulae. 

Case C. Given the huo oUiqu-i awjha p and Q, then : 
cosp = cosp sin q, .'. eosp = cospcsco,; 
cos<i — cosg sinp, .'. cos q = cscp cosq ; 
cos? - = cos j) cos ij ; c/tecfc cosr = cot p cot q, 
Note 1. The parts p, q and r are determined without ambi- 
guity by the formulae; but the solution is possible only when 
cosp esc Q, cscp cos Q. and cot r cot Q are each smaller than 1 ; 
i.e., when cosp is smaller than sinQ and cos Q is smaller 

and this when p is nearer lo 'M'f than Q to 3 or 180°, 
and when q is nearer to 90° than p to 0° or 180°, 

Note 2. The computer may follow a different order from that 
given; he may, at pleasure, find till the required parts directly 
from the given parts, or compote any one of the required parts, 
and then use that part in the computation of other parts. If, 
however, ho malic an error in the first part, that error is repeated 
and perhaps magnified, in the computation of all other parts which 
depend upon it ; hence the. importance of testing the results, 

Note 3. Unless lie use the special tables noted under the right 
plane triangle, the computer must avoid angles near 0°, 90° or 
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ISO". For this purpose he may prove and use the following 
formulae : 

173] sirr -£■)■= altf^-p co-T&q + wa-lrp s\n-%(j ; [153, 61; 3G 
174] tan42> = tan|(j' + g')taai(f-g) ; [05,153,77 

175] tan 2 -J p = sin (r - q) : sin (?• ■+- q) ; [65, 154, 57 

171!] tan|p = sin()--g):siiipcos?; =^p^; [65,154,151 
177] shi(p — q) = ship tsui-l-p — singtan^Q ; [176, 40, 153 
1 78] tarr^p = tan J(q -f- p - 90°) : tan £(q - p + 90°) ; 

[65, 154, 72 
179] t»n*£»" = — eos(p + Q):eos(p — q). [65, 153, 5S 

§ 5. SOLUTION OF QUADEANTAL TRIANGLES, AND 
ISOSCELES TRIANGLES. 

Prob. 2. To solve a qi;atjraxtal triangle : 

Find the triangle which it: polar to /he rjiren triangle; it is a 
right triangle; solve it, and lake the supplements of ike parts 
thus found for the. correspond,!' eg parts of i.ke tjieen triangle, 

Nora 1. Napier's rules apply directly to the quadrantal 
triangle, if the quadrant is ignored, and for the live parts arc 
taken the two angles adj:K'0!Tt to the quadrant and the comple- 
ments of the opposite angle and the two oblique sides. 

Note 2. Manifestly, the biqtiadratilal triangle cannot he 
solved unless either the base or the vertical angle is given ; for 
the remaining parts, two right angles and two quadrants, are 
quite independent of these two. 

PBOB. 3. TO SOLVE AN ISOSCELES TRIANGLE ! 

Draw an arc from the vertex to the middle- of /he base, thereby 
dividing the given- triangle into tiro equal r/ghl triangles; solve 
one of these triangles. 

Notf,. When only the base and the vertical angle are given, 
there are two triangles, one triangle or none, according as the 
base <, = or > the vertical angle. When only the two equal sides 
or the two equal angles are given, there, is an infinite number of 
triangles. Otherwise, subject to the conditions in § 1, there is 
one triangle, and but one. 
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§ G. SOLUTION OF OBLIQUE TRIANGLES, 

PROS. 4. TO SOLVE AS OBLIQUE TRIAKGI.E. 

Fikst Method. T'»j means of right triangles. 




Let abc bo any oblique spbenenl triangle, and a, b, c the sides 
opposite the vertices a, is, c respectively. Let k be the pole of 
ab, and through s and c draw a great circle, meeting the great 
circle ab at n and d', whereof d stands less than 180° in the 
direction ab from A ; then is DC J. ah. \jjeom. 

Let p stand for dc ; q\ always positive, for ad; q" for i>b ; 
c', always positive, for Z acd ; o" for Z. dcb. 

Case 1. Given two sides and the indnd'.'d uvjle., for example 
b, c and a ; then : 

In rt. A acd, 6 and a are known, whence p, q' and c' are 

found ; 
</' = c - q' ; 
la rt. A iicd. p and q" are known, whence c. /. cud and 

c" arc found ; 
c = c'+c". 

Note 1. c"is positive or negative, and i: = cbd or 180°— cbd. 
according as q" is positive or negative with reference to ab, i.e.. 
according as c, > or < q'. 

Note 2. There is always one triangle, and but one. 

The parts are determined without ambiguity by the formulae. 
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Case 2. Given two un/jius and the. induded vide, for example 
C, a and 5 ; then : 

In rt. A acd, b and a are known, whence p, q' and c' are 

o" = C — c' ; 

In rt. A lid), p and c'' aro. known, whence a- q' ! and /i ciu> 

arc found ; 
c = g' + g". 
Note 1. q" is positive or negative, and b = cbd or 180°— cbd, 
according as c" is positive or negative willi reference to positive 
rotation, i.e., according as c > or < c'. 

Note 2. There is always one triangle, and but one. 

The parts arc determined without, ambiguity from the formulae. 

Note 3. If for the given triangle its polar be substituted, 

then two sides and the induded angle are known, and Case 2 is 

embraced in Case 1. The required parts are the supplements of 

the parts found in the polar. 




Case 3. Given two sides ami an vxi/fa oppoailn one of tliem, 
for example a, 6 and a ; then : 

In it. A acd, b and a are known, whence p, q' and c' are 

found ; 
In rt. A bcd, p and a are known, whence q", Z cbd and 

c" are found : 
c = q' + q" ; 
C = c' + c", 
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Note 1. q' is fully determined from the data, but q" (found 
from its cosine) may be positive or negative ; and there are two 
triangles, one triangle or none, according as q'—q" and q'+q", 
both, one of them or neither, lie between 0" and 180°. 

The perpendicular ci> falls within or without the triangle, and 
b = cbd or 180°— cbd, according as q" is taken positive or nega- 
tive with reference to the direction ab. 
And, v a and Zcbd are always of the same species withp, 

[Thm. 1 Cor. 1 
.'. a and n are of the same species or different species 
according as b = cbd or 180°— cbd ; 
i.e., according as q" is positive or negative. 

•Note 2. Whether there are two triangles, one triangle or 
none, may, in general, be known by inspection of the given parts : 

(1) If a lies between b and its supplement, there is one tri- 
angle, and but one. 

(2) Tf a equals £> or its supplement, then : 

If a is of the same species with a, and is not 90°, there 

is one triangle ; 
If a is of deferent species from a, there is no triangle ; 
If a, a and b are all 90°, there is an infinite number of 

(3) If b lies between a and its supplement, and if a and a 
are of the same species, there are two triangles, one triangle or 
none, according as a is nearer 90° than p. as near it, or more 
remote from it; and there is no triangle if a and a are of 
different species. 

For ■■■ Anco is possible if a is as near 90° as p, and of the 
same species ; 
.-. it is possible if a is as near 90° as b, and of the same 
species. [Prob. 1, Case 2, note 

And 1 . 1 cosa = cosjjcos§" and cosfi — cospcosq', [153 
.-. cos a: eosb = cosq" : cosq', [Thm. prop'n 

a proportion "wherein «, h and </ are known, and q" may, in gen- 
eral, be either positive or negative. 
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[I. § 23, Note 2 
le always, but never both, lies 

the first or the second of them. 



= 180°- 



[2 



(1) .-. If a is nearer 90° than b. 
then q" is nearer 00° than q', 
and of q'-\- q" and q'~ q", on 

between 0° and 180' 
according as q' < or > 90' 

(2) If a = b, then q" = q\ 
and if a= 180°— b, then g"= 180 c 

.-. in either case, in general, of q' + q" and q' 

lies between 0° and 180°, and the other = 0° or 18!.)°, 
and there is one triangle. 
But if a find a are not of the same species, 

then-.- a differs from 00° not less than b, 

■ ■. there is no triangle. [Thm.3 Cor. 

So, if a, b and a are all 90°. 

then n is also 90°, and the triangle is biquadrantal and in- 
determinate. [Thm. 1 Cor. 8 




(8) If b ia nearer 90° than a, 

then, if there is a triangle acd, q' is nearer 90° than q". 

and, in genenil, <;'+</' and q'—q" both lie between 0° and 180°. 

But, ifjj = a, 

then g" = 0, and q'+q"=q'—q", 

.-. there is but one (a right) triangle. 

So, if p is nearer 90° than a, 

then coag , ">l, which is impossible ; 

.-. there is no triangle acd, and no triangle abc. 

And -.• b is nearer 90° than a, [hypofch. 

.■. there is no triangle when a and a are of deferent species. 
[Thm.3 Cor. 
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. Case 4. Given two aitrjlca and a Hide opposite one of them. 
for example a, is and a. 

In rfc. Abcd, a and Z cnn tire known, whence p, q" and 

o" are found ; 
In rfc. A acr, p and a are known, whence b, q' and c' are 
found ; 



Note 1. c"is fully deiermi \vt\ by the data, but c' (found from 
its sine) may be leas or greater than 90° ; [Prob. 1, Case 4, note 
and there arc two triangles, one triangle or none, according as 
c' — c" and c' + c", both, one of them or neither, lie between 0" 
and 180°. 

The perpendicular CD falls within or "without the triangle, and c" 
is positive or negative withrei'erenec to poMlive rotation, according 
as p and b are of the same or di fibre at species ; [Thm. 1 Cor. 1 
and b is less or greater than 90° according as a and c' are of the 
same or different species. [Thm. 1 Cor. 2 

s K"ote 2. Whether there are two triangles, one triangle, or 
none, may, in general, be known by inspection of the given parts : 

(1) If a lies between b and its supplement, there is one tri- 
angle, and but one. 

(2) If a equals d or its supplement, then: 

If a is of the same species with a, and is not 90°, there 

is one triangle; 
If a is of different species from a, there is no triangle ; 
If «, a and b arc all 00% there is an infinite number of 

triangles. 

(3) If b lies between a and its supplement, and if a. and a are 
of the same species, there are two triangles, one triangle, or none, 
according as a is nearer 90° than p, as near it, or more remote 
from it; and there is no (-.ri angle if a and a are of different species. 
For -.' aod is possible if a is as near 90° as p, and of the 

same species ; 

if a is as near 90° as b, and of the same 
[Prob. 1, Case 4, note 
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And'.' eosA = cospBinc' and coscbd = cosp sine", [154 
.-. cosa : eosciiD = sine' : sine", [Thin, prop'n 

a proportion wherein a, ecu and c" are known, and c' may, in gen- 
eral, have two supplementary values,^ and c 3 , both positive. [10 

(1) .-. If a is nearer 90° than is, 

then o" is nearer 90° than c 2 and C a , [§ 23, Note 2 

and of Cj + c" and c s + c", one always, but never both, lies 

between 0° and 180°. 

(2) IfA = c, then C-, = c" or c, = c", 

and if a=180° — b, then c, = — c" or f,. ; = — c"; 

■ ■■ in either ease, in general, of Ci + c" and c 3 + c", one 
lies between 0' and 180", and the other — 0° or 180°, 
and there is one triangle. 
But, if a and a are not of the same speeds, 

then -.■ a differs from 00° not less than n, 

.-. there is no triangle. [Thin. 4 Cor. 1 

So, if a, b and a are all 00", 

then 6 is also 90°, and the triangle is biqiiadrantal and in- 

determinate. [Thin. 1 Cor. 3 




If is is nearer 90° than A, 

then if there is a triangle ach, c' is nearer 90° than c", 

and. in general, c^+c" and a,-\-c" both lie between 0° and 180°. 

But, ifp = A, 

then c' = 90°, and Cj + o" = C a + c", 

.-. there is but one (a qnadrantal) triangle. 

So, if J) is nearer 90° than a, 

then sinc'> 1, which is impossible ; 
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,'. there is no tnaugle acd, and no tnangie Ar.c. 
And-.- is is nearer 90° than a, [Iiypoth. 

.'. there is no triangle when a and a sire of different species. 
[Thm. 4 Cor. 1 
Note 3. If, for the given triangle, its polar lie substituted, 
then the two nkh-i and an angle opposite one of them are known, 
and Case 4 is embraced in Case 3. The required parte are the 
supplements of the; parts found in the polar. 
Case 5. Given the three sides, a, b, c ; then : 
•.•cosa = aospao$q" and cos & = eosp cost/, [153 

.*.coao: cos 6 = cos 5": cost/', [Thm. prop'n 

and eosfl,+cos6: cos a— cosb=cost7"-|-eost/ : eosg"— cos 5'. 
But vcosa+eosi: cos a—cos Z>= — cot£(a+&)cot£(a-&), [77 
and coaq'+cosq" ; cost/'— cost/' 

= - cot^(g'+ 3") coH(s"~ <■/), 
and -.■c = q'+q"; 

.-.cot } (a-i-b) cot % (« — &) = cot £c cot-Jr(g"— q'), whence 
i (</"—(}') is found. 
And-.- r/= lc - \ (//'- q') and g-"= \-c + $(<?"- q'), 

.-.In rt. A acd, b and g' are known, whence a and c' are 

In rt. A bcd, a and q" are known, whence Z Cbd and c" 

are found ; 
c^e' + e". 
Note 1 . r. = cbd or 180°— cbd, and c" is positive or nega- 
tive with reference to positive rotation, according as q" is 
positive or negative with reference to ab. 

Note 2. If a + b -f-c = or > 360°, or if either side = or > the 
sum of the other two, there is no triangle ; otherwise there is 
one triangle, and but one. 

The parts are determined iviihotit ambiguity by the formulae. 
Case 6. Given the three anyles, A, is, c ; then : 

-.- cosa = cosp sine', and cosb = cosj) sine", [lot 

.'. cosa: cosb = sine': sine"; [Thm. prop'n 

and cosa+cosi; : cosa — cosb = sinc'+sinc": sine'— sine". 
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.'COSA + COSB: co^A — eosB = — cot^(A + is)cot^(A — is),[77 
siuc'+sino": Biao'— Biuo"=tiiiii-(c'+c , ")(.:mi-.i{c'— c"),[72 
.*c = c' -j-o"; 
'. — cot£(A + B)cot|(A— B)=taii-£c cot ^(c'—c"), whence 

i(c'— c") is found. 
.•c'= &c + He'— c") and o"= £c — £(<='— c") , 
'.In rt. Aacd, a and c' are known, whence & and q' are 

In rt. A BCD, Z. cbd and c" are known., whence « and q" 
are found ; 



Note 1. b = cbd or 180°— cbd, and 7" is positive or negative 
with reference to An, according as c" is positive or negative with 
reference to positive rotation. 

Note 2. If a + n + c does not lie between 1 80" and 540°, or 
if either angle does not exceed the difference between 180° and 
the sum of* the other two angles, there is no triangle ; otherwise 
there is one triangle, and but one. 

The parts are determined without ambiguity by the formulae. 

Note 3. If for the given triangle its polar he substituted, 
then the three sides are known, and Case (3 is embraced in 
Case 5. The required parts are the supplements of the parts 
found in the polar. 

Second Method. By means of the. general properties. 

Case 1. Given ixo nidca and lite indicted anfe, for example 

b, c and a. 

Find i(n + c) and -£(b - c) by Thm. 1 2, then : 

b = Kb + c) + J(b - c) , and c = J (u + c) - £(b - 0) > 

shift = ^ sin a. whence a is found. [Thm. 2 

siiiB 

Note. There is always one triangle, and but one. 

The parts b and c are determined without ambiguity by the 

se, and the species of a is determined by Thm. 12, Cor. 
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Case 2. Given two awjles mid the included side, for example 
C, A and b. 

Find }(e + a) and \{e - a) by Tarn. 12 ; then : 
c = i(o + o) + *(e - «) , and o - i(° + o) - *(o - o) , 
sioB = ^:8in6, whence b is found. [Thm. 2 

Note 1. There is always one triangle, and but one. 

The parts c and a are determined without ambiguity by the 
formulae, and the species of & is determined by Thm. 12, Cor. 

Note 2. The solution may also l>e obtained by applying the 
methods of Case 1 to the polar triangle. 

Case 3. Given two sides and, an angle opposite one of them, 
for example a, b and a ; then : 

suiE = ^-^sin&, whence e is found. [Thm. 2 

Find c and c from the formulae of Thm. 12. 

Note. There may be two triangles, one triangle or none, 

If sinA sin 6 < sina, in general, there are two triangles ; 
for then suib<1, and n (determined from its sine) may- be either 
of two angles which are supplementary to each other, and the 
side en may lie to the right or to the left of cd. 

But this is limited by the condition that the greater angle lies 
opposite the greater side, and that no angle or side can exceed 
180°, or bo negative. 

If sin a sin &= sin a, there is one (a right) triangle; 
for then sinn — 1, and b is a right angle. 

If sinA sin& > sina, there is no triangle ; 
for then sinn > 1, which is impossible. 

For detail of specific conditions t-io n.'ader may consult the 
note to First Method for solving this case. 

Case 4. Given, two angles and a side opposite one of them, 
for example a, b and a ; then : 

sin & = -_ — --s'liib, whence b is found. [Thm. 2 

Find c and C from the formulae of Thm. 12. 



/Google 



96 SPHERICAL TRIGONOMETRY. [IV. 

Note 1. There. may- be two triangles, one triangle or none. 

If sin a sin r < sin a, in general, there are two triangles; 
for then sin6< 1, and b (determined from its sine) may be either 
of two ares which arc supplementary to each other. 

But this is limited by the condition that the greater side lies 
opposite the greater angle, and Unit no tide, or angle can exceed 
3.S0°, or be negative. 

If sin a sin u = sin A, there is one (a quadra u till) triangle; 
for then sin& = 1, and b is a quadrant. 

If siaasinii > siw a, there is no triangle; 
for then sin 6 > 1, which is impossible. 

For detail of speciiic coiuliiions the reader may consult the 
note to First Jluiltod for solving this case. 

Note 2. The solution may also be obtained by applying the 
methods of Case 3 to the polar triangle. 

Case 5. Given the three, xides, a, b, c. 

Ai'l'h tht Jlrniinl'ie of Thm. 5, 6 or 7, 

Note 1. If either side equals or exceeds the- sum of the other 
two, or if the sum of the three side.; equals or exceeds 300°, there 
is no triangle ; otherwise tla/re is one triangle, and but one. 

That there is a single triangle appears also from the formulae, 
since the half-angles computed must be each less than 90", and 
but one such half-angle can be found from a given function. 

Note 2. Of these formulae those of Thin. 5 use nine different 
logarithms, those of Thm. C use ten different logarithms, and 
those of Thm. 7 use only seven different logarithms for the com- 
putation of all the angles. Those of Thm. 7 are, therefore, gen- 
erally to be preferred ; they may be put in the form 



,,(.--«) s" 



i(.-q)Bm(«-i.)> iiiPi- 
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wherein the second factor of the right member is the same, and 
may be computed once for all. 

Note 3. A complete (.'heck is afforded by either of Delambro's 
formulae, [165-168]. 

Case 6. Given tie ihrae angles a, b, C. 

Apply the formulae of Thm. 8, or 10. 

Note 1. If either angle doe* not exceed the difference between 
180° and the sum of the other two, or if the sum of the angles 
does not lie between 180° and 540°, there is no triangle ; other- 
wise, there is one triangle, and but one. 

That there is a. single solution cpoears .also from the formulae, 
since the half-sides computed must be less than a quadrant, and 
but one such half-side can be found from a given function. 

Note 2. Among the formnl.-ie the same choice may be made 
as in Case 1. The reader may transform those of Thm. 10 for 
convenient use. 

Note S. A complete cheek is niTVmled by either of Delambre's 
formulae, [165-168]. 

Note 4. The solution may also be obtained by applying the 
methods of Case 5 to the polar triangle. 



The following formulae, which the reader may deduce from 
[159-164] , are sometimes of use : 

_ cos-£acos-§-b coss _ sin^ttsin^-fr . 

sine sinic ' sine eos|c 

sin (s — c) _ sin^ a sin £ b cos(s--c) _ cos-j-a eos|6 . 
sine Binjc ' sine cos^c 

j-A sinJB cos(s-a ) _ sin j- a cos j - 6 . 
>s£o sine sin-j-c 

sin (« — c) _ taajvA cos(s — c) _ cot^-CT . 

sin(s — «) tan ^-c' cos(s — a) cot £c ' 

184] s in ( s " ffl ) _ tan£utaii£c, cos ( s " A ) = -eotibeot^c. 
sin s cos s 

185] am(s-ffl)tan^A.=Bin(s-&)tan-J-B=sm(s-c)tanic. [183 




183] 
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RELATIONS BETWEEN SPHERICAL AND PLANE 
TRIGONOMETRY, 
ly, when the sides of :i spherical triangle subtend very 
small angles at the center of the sphere, the spherical triangle 
differs but little from a plane triangle having the same vertices ; 
and, if the vertices be fixed in position v.-liiie the center of the 
sphere recedes further and further away, and the radii grow 
longer and longer, then the spherical triangle approaches closer 
and closer to the plane triangle having the same vertices. Then 
also the small angles at the center of the sphere, which are 
measured by the sides of the triangle, are very nearly equivalent 
to their sines or tangents, and the sum of the three angles of the . 
triangle is very nearly 180°. 

If, in the several formulae of spherical trigonometry, a is sub- 
stituted for sina, tana, 2sin-.J-n, ; p, forainp, ; s, for sins, 

; and 1, for cos a, ; then, in general, these formulae reduce 

to the corresponding formulae of plane trigonometry, or to mere 
truisms. Thus: 



Spherical. Plane. 




151] sinjs = sin r sin p = tangcotQ; p~r sin p — gcotQ 




or y = r sin o = x cotp. 


[I. §7 


154] cosp=cospsinQ=tangcot?-; cosp=1 . sine — q: i 




or coso=sinp = ic:r. 


P. 5 7 


156] sin a : sin& = sin a : sinu ; or. b —sin a : sine. 


[103 


W*^-j**3&g=*: 




"i'-V be 


. [109 


™]o„8|A-.J ai " 8i ; ,(M) - ! 

J -> \ sinbeinc 




™}i--^| u ■ 


[110 


•«] ^-^Llt-7^- 




».„!, ./(-«(—) 


. mi 
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SOLUTION OF SPHERICAL TRIANGLES, 
Spherical. Plane. 



3in£(A~B) = ^^cos|c. [121 

1683co a K*~»)- Bin £t 6) 8i ^ 0i 

eosi(i~B) = - , 5-±^sm|c. [120 

170] tan4(A ~- s) = . S ^~" ^ - ~ ) co t j-c ; 
J ^ ' Bin £(« + &) " 

tan£(A~B) = -^|cotlc. [107 



1721 tan£(a~6) = 



« + & = gggj^gj.o. [120 
+ cos-Ha + b) l 



uKa + b 



3(a~b) 



.„. [121 

*Some correspondence:) between Uie formulae ol' plane and of 
spherical trigonometry appear only when functions of the sides, 
of their half-sum, etc, are represented by taking two or more 
terms of the series [!H~:)iJj insi i.'tul of using- the first term alone 
as above. Thus : 

Formula cosr = cosp cos 5 [153 

becomes a mere truism if each cosine lie represented by 1, its 
limit when p, q and r become indefinitely small; but if the 
values 

co8j>=l— J-p* + , 0033 = 1— £g 2 + , cosr = l-4r*+ , 

[95 

l-.i! su!)st-ituU:d ia [153] they give 

1 -*T«+ = (1 -&+ )(1 ~W+ ) 
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100 SPHERICAL TBIGONOMETEX. [IV. 

.-. p"- + (f = r 3 ± terms of higher degree, whose ratios to 
j) 2 , g" and i & have the limit when p, q ant! r become 
indefinitely small ; 
■'.ft., p 2 + (f, or 'X* -\-if, --- )■-', whence siir'0 -j- cos^#=l ; 

,*. [153] corresponds to [30]. 

So, writing b for sin6, o for sine, 1 — J-a*H ■ for eoset, , 

then the formula 

cosa = cost cose + sin6 sine cos a [157 

gives a 2 = b 2 + c 2 — 26c cosa. [108 

So. writing two terms of [0-1] for sin&, , and throe terms 

of [95] for cosa, , then the formula 

eostt = cos&cosc-f-8in& sine cosa [157 

gives k(a»V-ooBA)«^(^+W+fl^-A(tf+B*+o*) 

± terms whose .'limiting ratios to these terms, when 

a, b and c become indefinitely small, are ; 

and so for ca(eosB'— oosb), and «6(eoso'— cose), [symmetry 

.-. Jc{cosa'— cosa) = ea(eosE'— cosb)=o&(cosc'— cose) 

approximately, wherein cosa'=(& b +c s — a-) : 2 be, , 

and a', is' and c' are the angles of the plane triangle whose 

sides a', b' and c' are respectively equal to the area 
a, b and c. 
But '. ' cos a'~ cos A = 2 sin£ (a — a'J sin £(a + a') 
= (a — a') sin a', very nearly, 
and so for C03b'— cosb and cose'— cose, [symmetry 

.-. So (a — a') sin a'=c«(b — b') sin b'=«6(c — c')sinc', 
.-. a — a' = b — b' = — c', verynearly; [15S 

186]. ■. each angle of aph. Aabc exceeds the corresponding 
angle of pl.AA'n'c' by one- third of the spherical ex- 
cess, A + B + C — 180"; which is jji'jendra'.i theorem, 

§ 8. EXERCISES. 

Solve the spherical right triangles, given : 

1. #=116°, q=. W, b = 90". 

2. r=140°, p= 20°, r = 90°. 

3. p= 80° 10', g=155°4G', k=!>0°. 
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8.] SOLLTLON OF SPHERICAL TRIANGLES. 

4. P = 100 D , J) as 112', K = 9 

5. r=120", p=120°, k = 9 
G. p= 60° 47', ft= 57°16', e = 9 

7. r=140°, # = 140°, a = 9 

8. r=120°, p = 90°, r=!> 
Solve tlie quadraiitiil triangles, given : 

9. a = 80°, a= 90°, 6 = 8 
10. b = 50=, 6=130°, c = 9 
Salvo tin.; isosceles triangles, given: 



12. a = 31)'.. 


A= 70°, 


is = 70°. 


13. a =15 9°, 


6=119°. 


c = 85°. 


Solve. the oliliquc trlangl 


es [both methods'], 


" given : 


14. 6^ 98° 12', 


C=. 80° 35', 


a= 10° 16'. 


15. a = 135° 15', 


0= 50° 30', 


& = 69° 34', 


16. a= 10° 16', 


B- 47° 14', 


A= 52° 30', 


17. a=120 a , 


&« 70", 


a » 130°. 


18. a= 40°, 


6 = 50°, 


a= 50°. 


19. a= 132" 1G', 


B=139°44', 


a = 127° 30'. 


20. a = 110", 


B= 60°, 


a= 50°. 


21. A. =3 70°, 


B = 120°, 


a= 80°. 


22. a=100°, 


b= 50°, 


b= 60°. 


23. a = 120°, 


B = 130°, 


0= so°. 



24. . In astronomy the ah.iiu.de of a heavenh- body is its angular 
elevation above the horizon, and its <Mi.mv.!h is its angular dis- 
tance west from the sooth point, What is the angular distance 
between the moon, alt. 40°, aa. 25° w,, and Venus, alt. 24°, 
az. 110° w.? 

25. In navigation the shortest distance from port to port 
is the arc of a great circle. Find the course and distance from 
San Francisco, lat. 37°48'n., long. 122° 25' w., to Cape of 
Good Hope, lat. 33° 56' a., long. 18° 29' e., no allowance being 
made for intervening lands, 
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